Numerical Marine Hydrodynamics

« Partial Differential Equations
— PDE Classification
— Hyperbolic PDEs

— Parabolic PDEs
* Heat Equation
e Finite Difference Schemes

— Forward Marching (Euler)
— Crank-Nicholson

« Example — heat Equation
— Elliptical PDEs

» Laplace equation

* Poisson equation

* Helmholtz equation

* Boundary conditions

 Interface conditions
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Partial Differential Equations

y
1 ¢/n)(x’y2)

Quasi-linear PDE

Aézz + Bqﬁzy + Céyy — F($; Y, ¢: ¢I: d’y)
A,B and C Constants H(X,,Y) H(X,Y)

B?> - 4AC > 0 Hyperbolic

B? —4AC = (0 Parabolic

B? —4AC < 0 Elliptic

d(X,y1)
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Partial Differential Equations
Elliptic PDE

Laplace Operator

2
V7™ = Uzz + Uy

Examples

VEH - 0. — Laplace Equation — Potential Flow

Poisson Equation
 Potential Flow with sources
» Heat flow in plate

Viu = g(z,y)«~—

VZH—I—f($Jy)H T 0
'\

Helmholtz equation — Vibration of plates
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Partial Differential Equations
Elliptic PDEs

Equidistant Sampling u(x,b) = f,(x)
W)= 12

\{Z a/(n—1)

h = b/(m—1)

Discretization
u@,y)=g,(y)

u@,y)=g,(y)

J+1

r; = (i—1h,i=1,...,n
y, = (j—1h, 3=1,...,m

J
J-1

Finite Differences

Ueo (2, 8) = u(wi—1,y;) — Qu(i; yi) + w(zit1, ys) +0(h?)
i-1 1 w1
u(x,0) = f,(x)
u(z;, Y1) — 2ulz;, y;) + wlz;, y;
tot) = BT = 2o w) uleitin) | o
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Partial Differential Equations
Elliptic PDE

Laplace Equation

u(zi—1,y;) + ulzy, yim1) — dulzy, y;) + w(zir, y;) + w(zi, yj41)

2,
Viu = B2

=0
y

A

ui,j e u(mi,tj)
u(x,b) = f,(x)
Finite Difference Scheme

Uit1j + Uimry T Uij—1 + U1 — 4 ; =0

Boundary Conditions
u(z,y;) = wy;, 2<j<m-—1 u@,y)=9,(y u@,y)=g,(y)

j+1
= Up;, 2<7<m—1 ,_E_. j
j-1

)
u(z,y1)) = w1, 2<j<n-—1
)

= Upn, 2<7<n—1

v

.
-1 0w
Global Solution Required u(x,0) = f,(x) X
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Elliptic PDEs
Laplace Equation

1 °p; .ps .pg 1
o o) ® o] ®
Pa Ps  Ps
U, o 'Y PS Y ®
Pr P P3 Us 2
ou2'1 ® e
—4Apr + + s
po— 4py + D3 +  Ps
p2 —  Aps +  Ds
P — dps +  ps +  pr
P2 = ps — 4dps + ps +  Ps
P3 + ps — 4dps +  pg
2 — 4dpr +  ps
Ds + pr — 4dps + Do
—Uyg Ps + ps — dpg
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—Ugy — U5,2
—Uya

0

—Up,3

—Ugps —Ups
—Uzgp
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Ellipticic PDEs
Derivative Boundary Conditions

Neumann Boundary Condition

0
ﬁu(% y) =0 -
Finite Difference Scheme
8 A
5 W% ¥i) = Ualn, 43) = 0 \ u(x,b) = f,(x)
Liebman Finite Difference Scheme
Uptlj + Up—1; + Upjp1 T Upj—1 — 4, ; =0 \\

Derivative Finite Difference \

Upt1,; — Up—1;

> ~ Uy (2, ;) ue,y)=9g,(y)

Uni1; = Up—1; + 2R (Tn, Yj) = U1 E

Boundary Finite Difference Scheme

= U,@,y)=0

v

.
Q1+ Upjyr + Upjo1 — ;=0 L1 el
u(x,0) = f,(x) X
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Elliptic PDEs
lterative Schemes

Ocean

ENGINEERING

Finite Difference Scheme

Unt1,j + Un—1,5 F Unjt1 T Un,j—1 — dn; =0

Liebman Iterative Scheme u(x,b) = f,(x)
kB+1

_ .k k
Upj = Uy T T4

Upi1j + Un—1; + Unjp1l + Unj1 — Uy

4

Tij =

SOR lterative Scheme u,y)=g,(y]

k+1

u@,y)=g,(y)

k k
ig U; ; + wr

j+1

- , i,j
k k k k k
Up g5 T Uy g Uy g T Uy — duy
n+1, n—1, n,J+1 n,j—1 7,
— uk_'_w J J J J J

J
J-1

147 4

k k k k
Upy1,; T Up—1j T Upjp1 T Uy 1

= (I-wuf;+w

4

. el
Optimal SOR Iy
w= ! u(x,0) = f;(x)
2+ \/4— {cos (;Tl\ + cos (m"il)]g
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ENGINEERING

Lx=1;

Ly=1;

N=10;

h=Lx/N;

M=Floor (Ly/Lx*N);
niter=20;
eps=1le-6;

x=[0:h:Lx]";
y=[0:h:Ly];
FIX="4%X-4*Xx_"2";
%Flx="0"

2x="0";

gix="0";

g2x="0";

vxy="0";
fl=inline(flx, "x");
f2=inline(f2x, "x");
gl=inline(glx,"y");
g2=inline(g2x,"y");
vf=inline(vxy, "x","y");

n=length(x);
m=length(y);
u=zeros(n,m);
u(2:n-1,1)=F1(x(2:n-1));
u(:n-1,m=F2(x(2:n-1));
u(d,1:m)=gi(y);
u(n,1:m)=g2(y);
for i=1:n

for j=1:m

v(@.j) = vi(x(1).y(d)):

end

duct.m

N
)
@a

Laplace Equation
Flow in Duct

u(2:n-1,2:m-1)=u_0*ones(n-2,m-2);
omega=4/(2+sqrt(4-(cos(pi/(n-1))+cos(pi/(m-1)))"2))
for k=1l:niter
u_old=u;
for i=2:n-1
for j=2:m-1
u(i, j)=(1-omega)*u(i.j)

end
end
r=abs(u-u_old)/max(max(abs(u)));
k,r
if (max(max(r))<eps)
break;
end
end
figure(3)
surf(y,x,u);
shading interp;
a=ylabel ("x");
set(a, "Fontsize",14);
a=xlabel ("y");
set(a, "Fontsize",14);
a=title(["Poisson Equation - v = " vxy]);
set(a, "Fontsize",16);

u_O=mean(u(l, :))+mean(u(n, :))+mean(u(:,1))+mean(u(:,m));

+tomega*(u(i-1, )+u(i+1,j+u(d,j-1)+u(i,j+1)-h"2*v(i,j))/4;
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Poisson Equation

Ocean

ENGINEERING

Viu = g(z,y)

Gi,; = 9(zi,y;)

SOR lterative Scheme

k+1 K k
Upj ™ = Uy W
k k k k Ak B2,
k Uy T Un 1y T Ui T U — Ay — R
= U + w
2J 4
k k k k 2

Upiq; T Uy g T Uy 5 T U, o g — h*g; ;

= |(1-wu; +w

4
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Helmholtz Equation

Viu+ f(z,y)u = g(z,y)

fii = flzi,9;)
gi; = Q’(ﬁi;yj)

SOR lterative Scheme

E+1 k k
U; j U ;T wWry;
k k k k 2 k 2
_ b gttt T U1 Tl Tl T (4—h*fi)un; —hgi;
1,7 4 . hgfi,j
k P P P 2
Upyj T Up1; T Up iy T Uy — G

=| (1 —w)ur. +w
¥ 41— 2.,
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Elliptic PDE'’s
Higher Order Finite Differences

y
u(x,b) = f(x)
u(0,y)=0,(y] Uc@,y)=gx(y)
B I E J-1
11 el >
u(x,0) = f1(x) X
Viu. : = L[u e U g i Ui U
1.7 6}12 i+1,7—1 ui—l,j—l u1+1,j +1 i—1,7—1

—|—"-1:’U'.1'_|_1,j + 4u1-_1,j =+ 4:?.1'.“;,5;_4:1 + 4ui,j—1 — 20?1,1',3'} + O(hé)
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Elliptic PDEs
Irregular Boundaries

ENGINEERING

Dirichlet Boundary Conditions

(a_u) o Wi T Wim1y
ox 14 a1 Az

(a_u) o, Yitlg — Uiy
ox it arsAx

Pu _ 9 (o
ox2  9r \ 9z

(52)— ()

&

- a1 Azta-Ax
2
2
Fu 2 Ui, — Uiy | Uiy — Ui
0z2  Az? |ai(ag +as)  asz(a; + as)

82111 2 [ui,j_l —Uu

_ ij | Uig+l T Ui
2 Ay? + ]

Bi(BL+ B2)  Ba(BL+ Ba)
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Elliptic PDEs
Irregular Boundaries

Neumann Boundary Conditions

ou Uy — ur

an Ly

L-s = Azxtan#é
Li: = Ax/cosf

Aztan
Ay

Uy = Us+(ue — us)

cos? 8—n+u6 Ay Ay

Az \ Ou Azxtanf Azxtand
o (Bryou Bries () Asend

2.29 Numerical Marine Hydrodynamics

Lecture 20



Elliptic PDEs
Internal Boundaries

y
ut = u”
N ou™t _du~
H —w— = H —F—
Ay dy
Derivative Finite Differences
S Oub Wi — Uiy
Ay h
_Ou” _Ui; — U5

Wy =M p

Finite Difference Equation

(Pﬂ_ + ﬁfr)‘u-a = ﬂJr’U»a,jJrl + U U -1 0 i+1 y
SOR Finite Difference Scheme
I P

it = (1 —wulf +w

puo +put
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Elliptic PDEs
Internal Boundaries — Higher Order

Velocity and Stress Continuity

+

ENGINEERING

pour w y
“8y_“3y

Taylor Seriegs

i1 22 ug; — huy(z,y;) + Euw(xi:yj)

hz
= u;; — huy(z;,y;) + E(Qi,j —ux(zi,9;))

hz

Wijr1 2 Wi+ huy(zy;) + Euyy(%yj)

h2
= w;; + huy(z;, y;) + 5(9{,5 — u z(xy, y;))

Derivative Finite Differences

M+3L+ B = Sk ¥ Ui i1y ho
8y h 2h 2 1.7
_Ou” [ Big — Wigo1 Uiy — 2+ Uig,; R N
Wy = [ 3 2h 27" LT

Finite Difference Equation
{Q(WWJH +pTu 1) /(BT ) F i+ wie — du — hggﬂ:,j} 0
4

SOR Finite Difference Scheme
2(N+u-ﬁj+1 + u_ui?.jfl)/(u_ +ut) + u?Jrl,j + u-ﬁl,j — h?g;; .
4 dynamics Lecture 20

1

ut = (1—w)uf+w {



