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Figure 1: A current sheet at x = 0 generates a magnetic field for 0 < < d between two infinite magnetic
permeability regions for x < 0 and = > d.

A current sheet Re |Koe 7%#| 7, is placed on the # = 0 surface of a material with infinite magnetic

permeability (4 — o0) for < 0. Another infinite magnetic permeability material extends from d < = < cc.
Free space with magnetic permeability g extends over the region 0 < x < d.
The magnetic field(H,)- magnetic scalar potential () relations for the planar layer below

Figure 2: Planar layer used to determine general magnetic field/magnetic scalar potential relationships.

for variables of the form
X (z,2) = Re [x(z)e 7]
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Where H(z,z) = —Vx(z,2) = Re [(ﬁm(m‘)@ + f{z(l‘);z) e‘jkz}
There is no magnetic field dependence on y.

A

Question: What are the boundary conditions on the magnetic field at the + =0, and = d_
surfaces? What are the values of the magnetic scalar potential x(z = 0, )andyx(z =d_)?

Solution:

ks ox
H.(z=04)=—K, =—Re {Koe ik } - %l
R -Ko jK
Jkx(x =04) = —Ko= X (z=04) = jko ]TO

Question: What are the complex amplitudes of the magnetic field H(z,2) at 2 = 0, and at
r=d_7

Solution:

1
sinh kd

0
H,(z=d_ )=k [—cothkdf(x—d_)+ x(a:_o+)]

ko jKo  jKo

~ sinhkd k  sinhkd
H.(x=d_)=0

0
. 1 o

[6 .
— kcoth deTO — j Ko coth kd

HZ ((E :O+) = —K()

C

Question: What is the magnetic force per unit area (on a wave length 27/k)F on the infinite
magnetic permeability layer that extends d < z < c0?

Solution:
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i) Put Maxwell Stress Tensor surfaces at © = d_ at coordinate y and y + 27/k to extend to z = +o0.

0 0
a/]‘]fza - - Tww‘z:d, = _% (Hg _%(_/wzzj = _% Hg r=d_
r=d_
7 2
. 2 o [ Ko
<a7f:éa> - _% Hy (v =d- ’ - _4sin(})12 kd
e == Tl,y = —noH (e=d ) H, (x =d_) = 0
0
e = Tl = —poH, =0 H, (z=d_) =0
ii) Alternate Surface at z = 04 extending to x = +o0.
[ % 0 %
z _ 2 g2 Y s o)
area Tm|z:0+ 9 H, % H, ) (Hx Hz)|x=0+
=04
2 2
()= o o
area 4 -0
=04

~ 12
= — 2 [coth? kd - 1] | Ko

2

—HMo Ko
~ 4sinh?kd
f
aTza = _Tz9c|35:0Jr = —poH: (. =04) Hy (z = 04)
<fZ> _ /’(‘0 T — 7 =
2L~ L Re [H (@ = 04) He (= 04)

= —%Re [—ngl%o coth kd

.12
:%‘Kol coth kdRe[j] = 0

fo _ _ D (0. =
U= Tyl g, = —noH, =01 H, (2 = 0;) =
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Problem 2

Figure 3: A perfectly conductiong incompressible liquid partially fills the gap between parallel plate elec-
tronics stressed by voltage Vj

A perfectly conducting incompressible liquid (¢ — co) with mass density p partially fills the gap between
parallel plate electrodes stressed by voltage Vy. The applied voltage lifts the fluid interface between the
parallel plate electrodes by a height £ where £ < s. The upper electrode in free space is at z = s. When the
applied voltage is zero the fluid interface is located at z = 0. The region outside the liquid is free space with
permittivity €y, mass density of zero (p = 0), and atmospheric pressure Py. The gravitational acceleration
is g = —gi. and surface tension effects are negligible.

A

Question: What is the electric field for £ < z < s between the upper electrode at z = s and the
perfectly conducting fluid interface at z = £7

Solution:
B =

5 —
B

Question: What is the fluid pressure p(¢_) just below the interface at z =§£_7
Solution:
P(é*)_PO"’_Tzz:O

r= g =g (o)’

5=8

Py =n-g (o)

C

Question: Find an expression that relates liquid rise £(¢ < s) to voltage V; and other given
parameters.
Solution:
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Applying Bernoulli’s law at z = £ and z = 0 interfaces within the perfectly conducting fluid where
feat =—VE=0=E=0
v

2
P& )+pge=Po=Py— (3_5) + pg§
2
pgé =% (%)
(s =9 = g0

D
Question: At what voltage is ¢ = %?
Solution:
For ¢ = %
2 3 3
V2 = 209 (§ _ pgs
0 €0 460
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Problem 3

T
= [

re)

Vv =V,i =V,[i cosf—i sind]

Figure 4: An inviscid incompressible z directed uniform flow from infinity is incident on a sphere of radius

R.

An inviscid incompressible liquid with mass density p has uniform irrotational flow (V x 7 =0). The
flow at r = oo is uniform and z directed

v = Voi. = Vo [ir cosf — igsind]

The flow is incident on a solid sphere of radius R. The inviscid liquid can flow along the sphere so that
vg (r = Ry) # 0 but cannot penetrate the surface so that v, (r = Ry) = 0. Because the irrotational flow has
V x 7 = 0, a velocity scalar potential ® can be defined, 7 = —V®. Because the fluid is also incompressible,
V e = 0, the velocity scalar potential for r > R obeys Laplace’s equation, V2® = 0 where ® (r, ) does not
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depend on angle ¢. The flow does not vary with time and gravity effects are negligible.

A

Question: What are the boundary conditions on the velocity scalar potential at » = R, and
at r = oc0?

Solution:
R
v (r — o0) = Voi. = Vo (ir cosf — igsinf) = —%E
b =—Vyz=—Vyrcosb
B
Question: Solve for the velocity scalar potential @ (r,0).
Solution:
— B
@(T,G)—(Ar+r2)c059 r>R
D (r = 00,0) = —Vyrcosf = Arcosf
A=-Vy
% :0=(A—%)cose
r=R
AR? VoR?
B =4t = -t
R3
O (r,0) = -Vy T—‘,—W cos 6 r>R
C
Question: Solve for the velocity field 7 (r,8) for r > R.
Solution:
0P 10D
7= _vo=_ | 2%, 19%
v=v {aﬂ +r8929}
3 3
_V()KI—RB) cos@i,«—<1—|—R3> sin@ig} r>R

r 2r
D
Question: What is the magnitude of the velocity |7 (r,0)|?
Solution:

N 2 I\ 2 1/2

[o] = |Vl (1 - ]7?3) cos? i, + (1 + £3> sin? 92’9]
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E

Question: If the pressure at r = R, and 0 =0 is Py, what is the pressure at r = R, ,0 = 7/27
Solution:
P+ %p []* = constant
P(Ry,0=0)+ %p T(R,0 =0)]* =Py + z (0)> = Py = constant
2
P(Ri0=F)+ 50Vl (3) =P
P(Ry,60=5) =P - 8plVof”

F
Question: What is the equation for the velocity streamlines?
Solution:
R3
1—
i v %( r3>cose
rdd vy R®
r Vg _%(1 + 2r3) sin 0
R3
(1 s )dr ~ —cos0df
3 - iné
. (1 B R) sin
r
3
%ln r? (1 - ]7:33) = —In [sin @] + costant
3
In {51112 0 (r2 1-— %))} = constant

Question: For the velocity streamline that passes through the point x =0, y = yg, 2 = 0 equiv-
alent to r = yo, 0 = %, ¢ = §, for what value of y does the streamline pass through when z = 0
and z = —o0, equivalent to r = o0, 0 =7, ¢ = %? Find y when yy = R and when yy = 2R.

Solution:

Y= TSIHQSIH(MG:W@:%’T:OO =rsind

1/2
W=y~ Ryo =y =18 — B3/yo]"/

3
For yo = 2R, 4 = 4R? — %—z — 3.5R?
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y=+/35R ~ 1871R

For yg = R, y2:R2—R3/R:0:>y:02;
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