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Preface 
 

Stability is a basic concern in both design and analysis of load-carrying systems and 
constitutes a major topic in the field of engineering science and mechanics. Since 
structural instability may lead to catastrophic failure of engineering structures, 
stability requirements must be satisfied besides requirements related to material 
failure. Knowledge on stability is of great importance in the areas of Civil Engineering, 
Mechanical Engineering and Aerospace Engineering; and all these disciplines have 
their own literature related to the subject. 

This book is intended to present state-of-the art in the stability analysis and to bring a 
number of researches together exposing the advances in the field. It consists of original 
and innovative research studies exhibiting various investigation directions.  

The advantage of this book is its being openly accessible and fully searchable. It 
provides a forum for dissemination of the most recent scientific information in the 
field of stability analysis. The subjects included will help the readers to learn more in 
this interesting field of study.      

The audience of the book will include scientists in civil engineering, mechanical 
engineering, aerospace engineering and applied mathematics, graduate students as 
well as practicing engineers in the field. 

I hope that the readers of this book will find it appealing and inspiring since it covers 
the most recent developments and innovations in the stability analysis field. 

 
Safa Bozkurt Coşkun 

Civil Engineering Department 
Kocaeli University, 

Turkey 
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1. Introduction 

Currently, imperfection sensitive shell structures prone to buckling are designed according 
the NASA SP 8007 guideline using the conservative lower bound curve. This guideline dates 
from 1968, and the structural behaviour of composite material is not appropriately 
considered, in particular since the imperfection sensitivity and the buckling load of shells 
made of such materials depend on the lay-up design. This is not considered in the NASA SP 
8007, which allows designing only so called "black metal" structures. There is a high need 
for a new precise and fast design approach for imperfection sensitive composite structures 
which allows significant reduction of structural weight and design cost. For that purpose a 
combined methodology from the Single Perturbation Load Approach (SPLA) and a specific 
stochastic approach is proposed which guarantees an effective and robust design. The SPLA 
is based on the observation, that a large enough disturbing load leads to the worst 
imperfection; it deals with the traditional (geometric and loading) imperfections [1]. The 
stochastic approach considers the non-traditional ones, e.g. variations of wall thickness and 
stiffness. Thus the combined approach copes with both types of imperfections. A recent 
investigation demonstrated, that applying this methodology to an axially loaded unstiffened 
cylinder is leading directly to the design buckling load 45% higher compared with the 
respective NASA SP 8007 design [2]. 

This chapter presents in its first part the state-of-the-art in buckling of imperfection sensitive 
composite shells. The second part describes current investigations as to the SPLA, the 
stochastic approach and their combination. In a third part an outlook is given on further 
studies on this topic, which will be performed within the framework of the running 3-year 
project DESICOS (New Robust DESIgn Guideline for Imperfection Sensitive COmposite 
Launcher Structures) funded by the European Commission; for most relevant architectures 
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of cylindrical and conical launcher structures (monolithic, sandwich - without and with 
holes) the new methodology will be further developed, validated by tests and summarized 
in a handbook for the design of imperfection sensitive composite structures. The potential 
will be demonstrated within different industrially driven use cases. 

2. State of the art 

2.1. Imperfection sensitivity 

In Figure 1 taken from [3], knock-down factors – the relations of experimentally found 
buckling loads and of those computed by application of the classical buckling theory - are 
shown for axially compressed cylindrical shells depending on the slenderness. The results 
are presented by dots and show the large scatter. The knock-down factors decrease with 
increasing slenderness. The discrepancy between test and classical buckling theory has 
stimulated scientists and engineers on this subject during the past 50 years. The efforts 
focused on postbuckling, load-deflection behaviour of perfect shells, various boundary 
conditions and their effect on bifurcation buckling, empirically derived design formulas and 
initial geometric imperfections. Koiter was the first to develop a theory which provides the 
most rational explanation of the large discrepancy between test and theory for the buckling 
of axially compressed cylindrical shells. In his doctoral thesis published in 1945 Koiter 
revealed the extreme sensitivity of buckling loads to initial geometric imperfections. His 
work received little attention until the early 1960’s, because the thesis was written in Dutch. 
An English translation by Riks was published 1967 in [4].  

 
Figure 1. Distribution of test data for cylinders subjected to axial compression [1] 

Based on a number of experimental tests in the 1950s and 60s the determination of lower 
bounds led to design regulations like NASA SP-8007 [1], but the given knock-down factors 
are very conservative. To improve the ratio of weight and stiffness and to reduce time and 
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cost, numerical simulations could be used during the design process. The consideration of 
imperfections in the numerical simulation is essential for safe constructions. Usually, these 
imperfections are unknown in the design phase, thus pattern and amplitude have to be 
assumed.  

In general, one can distinguish between loading imperfections and geometric imperfections. 
Both kinds of imperfections have a significant influence on the buckling behaviour. 

Loading imperfections mean any deviations from perfect uniformly distributed loading, 
independent of the reason of the perturbation. Geier et al. tested composite cylindrical shells 
with different laminate designs [5], and they applied thin metal plates locally between test 
shell and supporting structure to perturb the applied loads and performed the so-called 
shim tests [6]. Later, numerical investigations were performed and compared to the test 
results; the importance was verified [7]. The need to investigate loading imperfections for 
practical use was shown for instance by Albus et al. [8] by the example of Ariane 5. 

Geometric imperfections mean any deviations from the ideal shape of the shell structure. They 
are often regarded the main source for the differences between computed and tested buckling 
loads. Winterstetter et al. [9] suggest three approaches for the numerical simulation of 
geometrically imperfect shell structures: “realistic”, “worst” and “stimulating” geometric 
imperfections. Stimulating geometric imperfections like welded seams are local perturbations 
which “stimulate” the characteristic physical shell buckling behaviour [10]. “Worst” geometric 
imperfections have a mathematically determined worst possible imperfection pattern like the 
single buckle [11]. “Realistic” geometric imperfections are determined by measurement after 
fabrication and installation. This concept of measured imperfections is initiated and 
intensively promoted by Arbocz [12]; a large number of test data is needed, which has to be 
classified and analysed in an imperfection data bank. Within the study presented in this paper, 
real geometric imperfections measured at test shells are taken into account. 

Hühne et al. [1] showed that for both, loading imperfections and geometric imperfections the 
loss of stability is initiated by a local single buckle. Therefore unification of imperfection 
sensitivity is allowed; systems sensitive to geometric imperfections are also sensitive to loading 
imperfections. Single buckles are realistic, stimulating and worst geometric imperfections.  

Using laminated composites, the structural behaviour can be tailored by variation of fibre 
orientations, layer thicknesses and stacking sequence. Fixing the layer thicknesses and the 
number of layers, Zimmermann [13] demonstrated numerically and experimentally that 
variation of fibre orientations affects the buckling load remarkably. The tests showed that 
fibre orientations can also significantly influence the sensitivity of cylindrical shells to 
imperfections. Meyer-Piening et al. [14] reported about testing of composite cylinders, 
including combined axial and torsion loading, and compared the results with computations. 

Hühne [1] selected some of the tests described in [13] to [15] and performed additional 
studies. Within a DLR-ESA study one of these cylinder designs, which is most imperfection 
sensitive, was manufactured 10 times and tested. It allowed a comparison with already 
available results and enlarged the data base [2]. 
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2.2. Single-perturbation-load approach 

Hühne [1] proposed an approach based on a single buckle as the worst imperfection mode 
leading directly to the load carrying capacity of a cylinder. Figure 2 explains its mechanism; 
the lateral perturbation load P is disturbing the otherwise unloaded shell, and the axial 
compression load F is applied until buckling. This is repeated with a series of different 
perturbation loads, starting with the undisturbed shell and the respective buckling load F0. 
In Figure 3 buckling loads F depending on the perturbation loads P are depicted. The figure 
shows that the buckling load belonging to a perturbation load larger than a minimum value 
P1 is almost constant. A further increase of the pertubation load has no significant change on 
the buckling any more. The buckling load F1 is considered to be the design buckling load. 
This concept promises to improve the knock-down factors and allows designing any CFRP 
cylinder by means of one calculation under axial compression and a single-perturbation 
load. Within a DLR-ESA study, this approach was confirmed analytically and 
experimentally, cf. [2]. However, there is still the need for a multitude of further studies.  

 
Figure 2. Perturbation load mechanism 

 
Figure 3. Single perturbation load approach (SPLA) 

 

0

5

10

15

20

25

0 2 4 6 8 10
Perturbation load P (N)

B
u

c
kl

in
g

 lo
a

d
 N

 (
k

N
)

P1

N1

N0
line (a)

line (b)

line (c)

Perturbation load P (F)

F1

F0

B
u

ck
lin

g
 l

o
ad

 F

P1 = Minimum single perturbation load



 
Dealing with Imperfection Sensitivity of Composite Structures Prone to Buckling 5 

2.3. Probabilistic research 

In general, tests or analysis results are sensitive to certain parameters as boundary 
conditions or imperfections. Probabilistic methods are a possibility to assess the quality of 
results. The stochastic simulation with Monte Carlo (e.g. [17]) allows the statistical 
description of the sensitivity of the structural behaviour. It starts with a nominal model and 
makes copies of it whereas certain parameters are varied randomly. The random numbers, 
however, follow a given statistical distribution. Each generated model is slightly different, 
as in reality. 

Recently, probabilistic simulations found the way into all industrial fields. In automotive 
engineering they are successfully applied in crash or safety (e.g. [18]). Klein et al. [20] 
applied the probabilistic approach to structural factors of safety in aerospace. Sickinger and 
Herbeck [21] investigated the deployable CFRP booms for a solar propelled sail of a 
spacecraft using the Monte Carlo method. 

Velds [22] performed deterministic and probabilistic investigations on isotropic cylindrical 
shells applying finite element buckling analyses and showed the possibility to improve the 
knock-down factors. However, setting-up of a probabilistic design approach still suffers by a 
lack of knowledge due to the incomplete base of material properties, geometric deviations, 
etc.. 

Arbocz and Hilburger [23] published a probability-based analysis method for predicting 
buckling loads of axially compressed composite cylinders. This method, which is based on 
the Monte Carlo method and first-order second-moment method, can be used to form the 
basis for a design approach and shell analysis that includes the effects of initial geometric 
imperfections on the buckling load of the shell. This promising approach yields less 
conservative knock-down factors than those used presently by industry.   

2.4. Specific stochastic approach  

Figure 4 shows the variation (gray shaded band) of the buckling load resulting from its 
sensitivity to the scatter of the non-traditional imperfections (e.g. thickness variations). It 
demonstrates the need to cover this by the development of an additional knock-down factor 
2 in combination to the knock-down factor 1 from SPLA.  

An efficient design is feasible, if knowledge about possibly occurring imperfections exists 
and if this knowledge is used within the design process. Whereas the traditional 
imperfections are dealt with the SPLA, the non-traditional ones are taken into account by 
probabilistic methods, which enable the prediction of a stochastic distribution of buckling 
loads. Once the distribution of buckling loads is known, a lower bound can be defined by 
choosing a level of reliability. Degenhardt et al. [2] found less conservative knockdown 
factors than through the NASA-SP 8007 lower bound, by executing probabilistic analyses 
with non-traditional imperfections.  
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The work for the stochastic approach consists in checking which structural parameters 
substantially influence the buckling load and defining realistic limits for their deviations 
from the nominal values, in varying them within the limits and performing buckling load 
computations for these variations. The results are evaluated stochastically in order to define 
a guideline for the lower limits of the buckling loads within a certain given reliability. From 
these limits a knock-down factor is derived. 
 

 
 

Figure 4. Scatter of buckling load due to the scatter of non-traditional imperfections 

2.5. Conclusions 

From all this it becomes obvious that a great deal of knowledge is accumulated concerning 
the buckling of cylindrical shells under axial compression. However, the NASA guideline 
for the knock-down factors from 1968 is still in use, and there are no appropriate guidelines 
for unstiffened cylindrical CFRP shells. To define a lower bound of the buckling load of 
CFRP structures a new guideline is needed which takes the lay-up and the imperfections 
into account. This can be for instance a probabilistic approach or the Single-Perturbation-
Load approach, combined with a specific stochastic approach. In the following the second 
one is considered in more detail. Independent of the approach dozens of additional tests are 
necessary, in order to account for statistical scatter as well as for software and guideline 
validation  
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3. SPLA combined with specific stochastic approach 

3.1. The procedure and first results 

Figure 5 summarises the future design scenario for imperfection sensitive composite 
structures in comparison to the current design scenario. Currently, the buckling load of the 
perfect structure FPerfect has to be multiplied by the knock-down factor NASA from the NASA 
SP 8007 guideline. This approach was developed for metallic structures in 1968 and does not 
at all allow exploiting the capacities of composite structures. Accordingly, with the new 
design scenario FPerfect is multiplied by 1 which results from SPLA and 2 which comes from 
the specific stochastic approach. 

 
Figure 5. Future design scenario for composite structures 

First studies (cf. [2]) demonstrated the high potential of this combined approach which is 
summarized in Figure 6. In this example a composite cylinder (R/t=500) with 4 layers was 
designed according the current and the future design scenarios. The classical buckling load 
was calculated and utilized as reference (scaled buckling load ρ=1.0, marked by a star). The 
buckling load calculated by the SPLA was at ρ=0.58 (marked by a star). All experimentally 
extracted results revealed first buckling beyond the one calculated by the SPLA (safe design). 
The knock down factor from the SPLA was found to be 0.58 (times 0.8 from stochastic), 
whereas the one form NASA SP was 0.32. The result was that the load carrying capacity could 
be increased by 45%. It corresponds to approximately 20% weight reduction for the same load. 
In [2] the results were validated by tests on 10 nominally identical structures.  
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The improvement of load carrying capacity by 45% for the investigated 4-ply laminate can 
be considered to be representative for the following reasons: That laminate set-up was 
chosen because of its remarkable imperfection sensitivity known from foregoing 
investigations. With high imperfection sensitivity NASA SP 8007 is not as conservative as 
with a lower one, nevertheless the improvement of load carrying capacity came to 45%. 
With lay-ups leading to low imperfection sensitivity the NASA SP 8007 is extremely 
conservative because it is overestimating the negative influence of imperfections. In that 
case the improvement of load carrying capacity may be even higher than 45%. Thus the 
margin of 45% is at the lower limit of improvement of load carrying capacity, and it is not 
relevant for the expected improvement due to the novel approach whether the 4-ply 
laminate is optimal or representative for the real construction. 

 
Figure 6. Potential of the future design scenario [2] 
Example: CFRP cylindrical shell (R/t = 500, 4 layers), Fperfect = 32 kN 

3.2. The key role of experiments 

New design methods or new software tools in the engineering have to be validated by test 
results. In addition, stochastic approaches require comprehensive data bases. In order to 
achieve suitable results appropriate test facilities and measurement systems, but also 
experience is needed. In the following, facilities and procedures are listed as currently used 
at DLR, cf. [16]. 
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The buckling test facility is the main instrument to investigate buckling phenomena and to 
validate software simulations. Figure 7 shows on the left the axial compression 
configuration and on the right the compression-shear-configuration of the buckling test 
facility of the DLR Institute of Composite Structures and Adaptive Systems. The test facility 
can be changed from one configuration to another according to the test requirements.  

  
Figure 7. DLR’s buckling test facility, axial compression configuration (left), compression-shear-
configuration (right) 

The axial compression configuration is best suited for investigation of imperfection 
sensitivity on cylindrical structures. All parts of the test device are extremely stiff. The test 
specimen is located between an axially supporting top plate and a lower drive plate. The top 
plate can be moved in vertical direction on three spindle columns in order to adapt the test 
device to various lengths of test specimens. Due to the great sensitivity of stability tests 
against non-uniform load introduction even the small necessary clearance inside the spindle 
drives is fixed during the tests by automatically operating hydraulic clamps. The top plate 
functions as a counter bearing to the axial force that is applied to the movable lower drive 
plate by a servo-controlled hydraulic cylinder. The drive plate acts against the specimen, 
which itself acts against a stout cylindrical structure that is meant to distribute the three 
concentrated forces coming from three load cells at its upper surface, into a smooth force 
distribution. The test specimen is placed between the load distributor and the drive plate. 
Although the test device and test specimen are manufactured with particular care one can 
not expect, that the fixed upper plate and the load distributor are perfectly plane and 
parallel to each other, nor can one expect the end plates or clamping boxes of the test 
specimen to be perfectly plane and parallel. To make sure, that the test specimen will be 
uniformly loaded, thin layers of a kind of epoxy concrete, i.e. epoxy reinforced with a 
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mixture of sand and quartz powder, are applied between the end plates or clamping boxes 
of the test specimens and the adjacent parts of the test device. This has the side effect of 
securing the test specimens against lateral displacement. In order to determine the offset of 
the load measurement it is required, that at least one side of the specimen may be separated 
temporarily from the test facility. This is achieved by using a separating foil between the top 
plate and the upper epoxy layer. Two displacement transducers (LVDT) are used to 
measure axial shortening of the specimen during the tests. Their signals are recorded and, 
moreover, used for control purposes as actual values. Hence, the test device is displacement 
controlled. According to the particular arrangement of the transducers the elastic 
deformation of the test device does not influence the control by shortening at quasi-static 
loading. Table 1 summarizes the characteristics of the test facility. 
 

Load case 
Axial compression Max. 1000 kN 
Torsion Max. 20 kNm 
Internal pressure Max. 800 kPa 
External pressure Max. 80 kPa 
Shear Max. 500 kN 
Geometry limits of the test structure 
Length Max. 2100 mm 
Width (diameter) Max. 1000 mm 
Load frequency (axial compression only) Max. 50 Hz 

Table 1. Characteristics of the DLR buckling test facility 

Before testing geometric and material imperfections are measured by the following systems 
(or equivalent) 

1. ATOS:  The ATOS system is based on photogrammetry (precision: 0.02 mm), Figure 8 
illustrates an example of measured imperfections which are scaled by a factor of 100 to 
improve the visibility 

2. Ultrasonic inspection 

During testing the deformations are measured by the ARAMIS system:  

It is based on photogrammetry (precision: 0.02 mm). The system used allows also a 360° 
measurement of shell surface displacements on a CFRP cylinder (cf. Figure 9 and Figure 11). 

All measured full field displacements are transferred to a global coordinate system of the 
cylinder by means of at least three reference points in each area. The reference points are 
allocated to the global coordinate system by TRITOP, another photogrammetric system. The 
result of this procedure is a complete 3-D visualisation of the cylinder deformation (cf. 
Figure 9). The four camera pairs can also be placed on one part of the structure which allows 
a quadruplicating of the number of taken pictures per time (Figure 10). A 360° survey of a 
CFRP cylinder (selected deformation patterns of one loading and unloading sequence) is 
presented in Figure 11.  



 
Dealing with Imperfection Sensitivity of Composite Structures Prone to Buckling 11 

 
Figure 8. Measured geometric imperfections (ATOS) 

 
Figure 9. 360° Measurement on a cylinder  

 
Figure 10. High Speed ARAMIS Set-Up 

 
Figure 11. Results of a 360° Measurement on a CFRP cylinder (selected deformation patterns of one 
loading and unloading sequence)  
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photogrammetry with TRITOP®

Camera
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Figure 12 illustrates the measured load-shortening curves of 10 tests with three selected 
pictures extracted from ARAMIS measurement obtained from the 360° measurement. 
Picture A and B are from the pre-buckling and Picture C from the early post-buckling state. 
Figure 13 compares the post-buckling pattern between test and Finite-Element simulation. 
The left picture is obtained by the 360° ARAMIS measurement. It agrees quite well with the 
simulation in the right figure. This buckling pattern was observed for all 10 cylinders. More 
details can be found in [2].  

 
Figure 12. Load shortening curves of 10 tested cylinders and ARAMIS measurement  

 
Figure 13. Postbuckling pattern. Left: Test results obtained by ARAMIS – Right: Simulation results  
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4. DESICOS project 

4.1. Main objective 

The main objective of DESICOS is to establish an approach on how to handle imperfection 
sensitivity in space structures endangered by buckling, in particular for those made from 
fiber composite materials. It shall substitute the NASA SP 8007, which is extremely 
conservative and not really applicable for composite structures, cf. Figure 5.  

The DESICOS consortium merges knowledge from 2 large industrial partners (ADTRIUM-
SAS from France and Astrium GmbH from Germany), one enterprise belonging to the 
category of SME (GRIPHUS from Israel), 2 research establishments (DLR from Germany and 
CRC-ACS from Australia) and 7 universities (Politecnico di Milano from Italy, RWTH 
Aachen, Leibniz University and the Private University of Applied Sciences Göttingen from 
Germany, TECHNION from Israel, TU-Delft from Netherlands and Technical University of 
Riga from Latvia). The large industrial enterprises and the SME bring in their specific 
experience with designing and manufacturing of space structures as well as their long 
grown manufacturing philosophies for high quality stiffened composite structures. The 
academic partners and the research organisations provide their special knowledge in 
methods and tool development as well as testing. This consortium composition assures the 
expected rapid and extensive industrial application of the DESICOS results.  

4.2. Workpackages  

The partners co-operate in the following technical work packages: 

 WP1: Benchmarking on selected structures with existing methods: Benchmarks are 
defined for method evaluation purposes. The objective is the knowledge of the abilities 
and deficiencies of existing approaches.  

 WP2: Material characterisation and design of structures for buckling tests: The first 
focus is on the design of structures which will be manufactured and tested in WP4. For 
that purpose, small specimens will be built and tested in order to characterise the 
specific composite material properties.  

 WP3: Development and application of improved design approaches: In this 
workpackage new design approaches are developed, modelling and analysis strategies 
are derived. Finally, all methods are validated by means of the experimental results 
obtained from the other workpackages.  

 WP4: Manufacture, inspection and testing of structures designed in WP 2: This 
workpackage deals with the manufacturing and testing of structures. The objective is to 
extend the data base on buckling of imperfection sensitive structures. Based on the 
designs from WP2 as input, a total of 14 (monolithic, sandwich, stiffened and 
unstiffened, cylindrical and conical) structures will be considered. 

 WP5: Design handbook and industrial validation: WP5 comprises the final technical 
part; all the results of the project are assembled in order to derive the final design 
guidelines and to validate them as well as the new methods. The output is summarized 
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in the improved design procedures, the documentation of the designs as well as the 
documentation of the experiments and their evaluated results. 

4.3. Expected results 

To reach the main objective, improved design methods, experimental data bases as well as 
design guidelines for imperfection sensitive structures are needed. The experimental data 
bases are indispensable for validation of the analytically developed methods. Reliable fast 
methods will allow for an economic design process. Industry brings in experience with the 
design and manufacture of real shells; research contributes knowledge on testing and on 
development of design methods. Design guidelines are defined in common, and the 
developed methods are validated by industry.   

The results of DESICOS comprise: 

 Material properties, measured according to the applicable standards 
 Method for the design of buckling critical fibre composite launcher structures, based on 

the combined SPLA and stochastic procedures, validated by experiments 
 Experimental results of buckling tests including measured imperfections, buckling and 

postbuckling deformations, load shortening curves, buckling loads 
 Guidelines how to design composite cylindrical shells to resist buckling 
 Reliable procedure how to apply the Vibration Correlation Technique (VCT) in order to 

predict buckling loads non-destructively by experiments 
 Handbook including all the results 
 Demonstration of the potential with different industrially driven use cases. 

5. Summary 

This chapter summarises the state-of-the-art of imperfection sensitive composite structures 
prone to buckling. The current design process according the NASA SP 8007 is shown and its 
limitations to design structures made of composites are explained. A new promising 
approach which combines the Single Perturbation Load Approach and a Stochastic 
Approach - as an alternative to the NASA SP 8007 - is presented. It is further developed in 
the EU project DESICOS the objectives and expected results of which are given. More details 
can be found at www.desicos.de.  
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1. Introduction 

Numerous applications of numerical optimization to various structural design problems 
have been addressed in the literature. A comprehensive survey on this issue was given in 
[1], presenting a historical review and demonstrating the future needs to assimilate this 
technology into the practicing design environment. Different approaches were applied 
successfully by several investigators for treating stress, displacement, buckling and 
frequency optimization problems. In general, design optimization seeks the best values of 
a set of n design variables represented by the vector, Xnx1, to achieve, within certain m 
constraints, Gmx1(X), its goal of optimality defined by a set of k objective functions, Fkx1(X), 
for specified environmental conditions (see Figure 1). Mathematically, design 
optimization may be cast in the following standard form: Find the design variables Xnx1 
that minimize 
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Figure 1. Design optimization process 

The weighting factors Wfi measure the relative importance of the individual objectives with 
respect to the overall design goal. Several computer program packages are available now for 
solving a variety of design optimization models. Advanced procedures are carried out by 
using large-scale, general purpose, finite element-based multidisciplinary computer 
programs [2], such as ASTROS, MSC/NASTRAN and ANSYS. The MATLAB optimization 
toolbox is also a powerful tool that includes many routines for different types of 
optimization encompassing both unconstrained and constrained minimization algorithms 
[3]. Design optimization of sophisticated structural systems involves many objectives, 
constraints and variables. Therefore, creation of a detailed optimization model 
incorporating, simultaneously, all the relevant design features is virtually impossible. 
Researchers and engineers rely on simplified models which provide a fairly accurate 
approximation of the real structure behaviour. This chapter presents some of the underlying 
concepts of applying optimization theory for enhancing the stability, dynamic and 
aeroelastic performance of functionally graded material (FGM) structural members. Such 
concept of FGM, in which the properties vary spatially within a structure, was originated in 
Japan in 1984 during the space project, in the form of proposed thermal barrier material 
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capable of withstanding high temperature gradients. FGMs may be defined as advanced 
composite materials that fabricated to have graded variation of the relative volume fractions 
of the constituent materials. Commonly, these materials are made from particulate 
composites where the volume fraction of particles varies in one direction, as shown in 
Figure 2, or several directions for certain applications. FGMs may also be developed using 
fiber reinforced layers with a volume fractions of fibers changing, rather than constant, 
producing grading of the material with favorable properties.  

 
Figure 2. The concept of material grading 

Table 1 summarizes the mathematical formulas for determining the equivalent mechanical 
and physical properties for known type and volume fractions of the fiber and matrix 
materials [4]. The factor  is called the reinforcing efficiency and can be determined 
experimentally for specified types of fiber and matrix materials. Experimental results fall 
within a band of 1<<2. Usually,  is taken as 100% for theoretical analysis procedures, 
especially in case of glass and carbon composites. The 1 and 2 subscripts denote the 
principal directions of an orthotropic lamina, defined as follows: direction (1): principal fiber 
direction, also called fiber longitudinal direction; direction (2): In-plane direction 
perpendicular to fibers, transversal direction. 
 

Property Mathematical formula* 

Young's  modulus in direction (1)  E11 Em Vm+ E1f Vf 

Young's  modulus in direction (2)  E22  Em (1 +Vf)/(1-Vf);     =(E2f –Em)/(E2f + Em) 

Shear  modulus G12    Gm (1 +Vf)/(1-Vf);    =(G12f –Gm)/(G12f + Gm) 

Poisson’s  ratio	ߴଵଶ   ߴ ܸ + ଵଶߴ ܸ 

Mass density   m Vm+ f Vf 

*Subscripts “m” and “f” refer to properties of matrix and fiber materials, respectively. 
Assuming no voids are present, then Vm+Vf =1. 

Table 1. Halpin-Tsai semi-empirical relations for calculating composite properties [4]. 
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An excellent review paper dealing with the basic knowledge and various aspects on the use 
of FGMs and their wide applications was given in [5]. It was shown that FGMs can be 
promising in several applications such as, spacecraft heat shields, high performance 
structural elements and critical engine components. A few studies have addressed the 
dynamics and stability of FGM structures. Closed-form expressions for calculating the 
natural frequencies of an axially graded beam were derived in [6]. The modulus of elasticity 
was taken as a polynomial of the axial coordinate along the beam’s length, and an inverse 
problem was solved to find the stiffness and mass distributions so that the chosen 
polynomial serve as an exact mode shape. Another work [7] considered stability of FGM-
structures and derived closed form solution for the mode shape and the buckling load of an 
axially graded cantilevered column. A semi-inverse method was employed to obtain the 
spatial distribution of the elastic modulus in the axial direction. In reference [8], the buckling 
of simply supported three-layer circular cylindrical shell under axial compressive load was 
considered. The middle layer sandwiched with two isotropic layers was made of an 
isotropic FGM whose Young’s modulus varies parabolically in the thickness direction. 
Classical shell theory was implemented under the assumption of very small 
thickness/radius and very large length/radius ratios. Numerical results showed that the 
buckling load increases with an increase in the average value of Young’s modulus of the 
middle layer. In the field of structural optimization, reference [9] considered frequency 
optimization of a cantilevered plate with variable volume fraction according to simple 
power-laws. Genetic algorithms was implemented to find the optimum values of the power 
exponents, which maximize the natural frequencies, and concluded that the volume fraction 
needs to be varied in the longitudinal direction of the plate rather than in the thickness 
direction. A direct method was proposed in [10] to optimize the natural frequencies of 
functionally graded beam with variable volume fraction of the constituent materials in the 
beam’s length and height directions. A piecewise bi-cubic interpolation of volume fraction 
values specified at a finite number of grid points was used, and a genetic algorithm code 
was applied to find the needed optimum designs. It is the main aim of this chapter to 
present some fundamental issues concerning design optimization of different types of 
functionally graded composite structures. Practical realistic optimization models using 
different strategies for enhancing stability, structural dynamics, and aeroelastic performance 
are presented and discussed. Design variables represent material type, structure geometry 
as well as cross sectional parameters. The mathematical formulation is based on 
dimensionless quantities; therefore the analysis can be valid for different configurations and 
sizes. Such normalization has led to a naturally scaled optimization models, which is 
favorable for most optimization techniques. Case studies concerning optimization of FGM 
composite structures include buckling of flexible columns, stability of thin-walled cylinders 
subject to external pressure, frequency optimization of FGM bars in axial motion, and 
critical velocity maximization in pipe flow as a measure of raising the stability boundary. 
The use of the concept of material grading for enhancing the aeroelastic stability of 
composite wings have been also addressed. Several design charts that are useful for direct 
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determination of the optimal values of the design variables are introduced. In all, the given 
mathematical models can be regarded as useful design tools which may save designers from 
having to choose the values of some of their variables arbitrarily. 

2. Buckling optimization of elastic columns 

The consideration of buckling stability of elastic columns can be crucial factor in designing 
efficient structural components. In references [11, 12], optimization models of the strongest 
columns were developed for maximizing the critical buckling load under equality mass 
constraint. Emphasizes were given to thin-walled tubular sections, which are more 
economical than solid sections in resisting compressive loads. The given formulation 
considered columns made of uniform segments with different material properties, cross-
sectional parameters and length, as shown in Figure 3. The simplest problem of equilibrium 
of a column compressed by an axial force, P, was first formulated and solved by the great 
mathematician L. Euler in the middle of the eighteenth century. The associated 4th-order 
governing differential equation in dimensionless form: 

 2
k k P 0 P 1 2ˆ ˆˆ ˆw w , P ˆ , k , ,....NsIEk k       (2) 

where (  )’ means differentiation with respect to the dimensionless coordinate x̂  and Ns is 
the total number of segments. The various dimensionless quantities denoted by (^) are 
defined in Table 2. Equation (2) must be satisfied in the interval 0  x   Lk, where x  kˆ ˆx x . 
Its general solution is: 

 1 2 3 4  k kŵ(x) sin x cos x xa a a aP P             (3) 

 
Figure 3. General configuration of a piecewise axially graded thin-walled column 

The coefficients ai’s in Equation (3) can be expressed in terms of the state variables at both 
nodes of the Kth segment, which results in the following matrix relation: 
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ŵ ˆ) L )ˆ ˆ ˆP
)S

ˆ ˆP P
ˆM̂

F̂









 
 

 
 
    
 
 
 
 
                     1

k

k

k

k

ŵ
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where Sk=SinPkLk and Ck=CosPkLk. Applying Equation (4) successively to all the segments 
composing the column and taking the products of all the resulting matrices, the state 
variables at both ends of the column can be related to each other through an overall transfer 
matrix. Therefore, by the application of the appropriate boundary conditions and 
consideration of the non-trivial solution, the associated characteristic equation for 
determining the critical buckling load can be accurately obtained. The exact buckling 
analysis outlined above can be coupled with a standard nonlinear mathematical 
programming algorithm for the search of columns designs with the largest possible 
resistance against buckling. It is important to bear in mind that design optimization is only 
as meaningful as its core structural analysis model. Any deficiencies therein will certainly be 
reflected in the optimization process. 
 

Quantity   Non-dimensionalization*  
Axial coordinate x̂ x / L

Length of Kth segment kkˆ / LLL 

Transverse deflection   ŵ w / L

Wall thickness kkˆ / hhh 

Second moment of area  kk kˆˆ / I ( )II h   

Modulus of elasticity kkˆ / EEE 

Bending moment M̂ M * (L / EI)  

Shearing force 2F̂ F * ( / EI)L  

Axial force 2P̂ P * ( / EI)L  

Mass density k k /ˆ   

Total structural mass 

1

Ns

ks kk
k

ˆˆ ˆˆM Lh


   

*Baseline design parameters: L=total column’s length, 
h=wall thickness, I= second moment of area, E=modulus 
of elasticity = (Ef+ Em)/2, =mass density= (f + m)/2. 

Table 2. Definition of dimensionless quantities 
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Therefore, the strongest column design problem may be cast in the following: 

Maximize ܲcr 

Subject to 

1sM̂    

 
1

1
Ns

k
k

L̂


  (5) 

Side constraints are always present by imposing lower and upper limits on the design 
variables to avoid having odd-shaped unrealistic column design in the final optimum 
solutions. Reference [12] presented optimum patterns for cases of simply supported and 
cantilevered FGM columns constructed from unidirectional fibrous composites with 
properties given in Table 3. The case of a symmetrical simply supported (S.S.) column made 
of E-glass/epoxy and constructed from different number of segments is depicted in Figure 4. 
For the case of 6-segments, the optimum zone of the dimensionless critical buckling load 
augmented with the mass equality constraint was determined and found to be well behaved 
in the selected (VA – L)3 design space. Referring to Figure 5, three distinct regions can be 
observed: two empty regions to the left and right violating the mass equality constraint and 
the middle feasible region containing the global optimum solution. It is also seen that the 
optimal feasible domain is bounded from left and right by two heavy zigzagged lines owing 
to the fact that many contours are stuck to these borderlines and are not allowed to 
penetrate them for not violating the imposed mass constraint. The final optimum design 
point was found to be (VA, L̂ )k=1,2,3 = (0.095, 0.0875), (0.38125, 0.140625), (0.69177,0.271875) 
where (Pcr)max =11.649375. This represents an optimization gain of about 18.0% relative to the 
baseline value (2). Other types of materials were also addressed in [12] including, 
carbon/epoxy, S-glass/epoxy, E-glass/Vinyl-ester and S-glass/Vinyl-ester. In all cases the  
 

Composite material material (A) = Fibers material (B) = matrix 

A(g/cm3) EA (GPa) B(g/cm3) EB(GPa) 

E-glass/epoxy 2.54 73.0 1.27 4.3 

S-glass/epoxy 2.49 86.0 

Carbon/epoxy 1.81 235.0 

E-glass/Vinylester 2.54 73.0 1.15 3.5 

S-glass/Vinylester 2.49 86.0 

Table 3. Material properties of selected fiber-reinforced composites [12] 
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Figure 4. Optimum simply supported columns with piecewise axial material grading 

 

 

 
Figure 5. Optimum zone for a symmetrical 6-segment S.S.  columns made of E-glass/epoxy composites. 
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buckling load was found to be very sensitive to variation in the segment length. 
Investigators who use approximate methods, such as finite elements, have not recognized 
that the length of each element can be taken as a main optimization variable in addition to 
the cross-sectional properties. The increase in the number of segments would, naturally, 
result in higher values of the dimensionless critical buckling load. However, care ought to 
be taken for the corresponding increase in cost due to the resulting complications in the 
associated assembling and manufacturing procedures. 

Other cases of cantilevered columns were also investigated. The associated boundary 
conditions are: at  0x̂   0ŵ    , and at 1 0x̂ .  0ˆ ˆM F  . Figure 6 shows the attained 
optimal solutions for cantilevered columns made of unidirectional E-glass/epoxy composites 
and constructed from different number of segments (Ns). For a three-segment column, the 
global optimal solution was found to be (Pcr)max=2.90938 occurring at the design point 
(VA,Lk)k=1,2,3 = (0.70, 0.514), (0.4125, 0.2785), (0.122,0.2075). This means that the strongest 
column made of only three segments can withstand a buckling load 18% higher than that 
with uniform mass and stiffness distributions, which represents a truly optimized column 
design. In fact, the exact buckling load can be obtained for any number of segments, type of 
cross section and type of boundary conditions. The given multi-segment model has the 
advantageous of achieving global optimality for the strongest columns shape that can be 
manufactured economically from any arbitrary number of segments. Sensitivity of the 
design variables on the buckling load should be included in a more general formulation.   

 

 
 

 
 
Figure 6. Strongest cantilevered columns with axial material grading: Material (A)=E-glass fibers, 
material (B)=epoxy matrix 
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3. Stability of FGM long cylinders under external pressure 

A common application of composites is the design of cylindrical shells under the action of 
external hydrostatic pressure, which might cause collapse by buckling instability. Examples 
are the underground and underwater pipelines, rocket motor casing, boiler tubes subjected 
to external steam pressure, and reinforced submarine structures. The composite cylindrical 
vessels for underwater applications are intended to operate at high external hydrostatic 
pressure (sometimes up to 60 MPa). For deep- submersible long-unstiffened vessels, the 
hulls are generally realized using multilayered, cross-ply, composite cylinders obtained 
following the filament winding process. Previous numerical and experimental studies have 
shown that failure due to structural buckling is a major risk factor for thin laminated 
cylindrical shells. Figure 7 shows the structural model used in reference [13], where the 
effect of changing the fiber volume fraction in each lamina was taken in the formulation of 
the structural model.  

 
Figure 7. Laminated composite shell under external pressure (u displacement in the axial direction x, v 
in the tangential direction s,  w in the radial direction z) 

The governing differential equations of anisotropic rings/long cylinders subjected to 
external pressure are cast in the following [13]: 

2 ss ssssR ) p(NM N R     

 2
ss ss o ossR ( ) p( )] p[NM N w v R        (6) 

 where the prime denotes differentiation with respect to angular position , and 
o o( ) / R.v w     Two possible solutions for Eq. (6) can be obtained; one for the pre-buckled 

state and the other termed as the bifurcation solution obtained by perturbing the 
displacements about the pre-buckling solution. For laminated composite rings and long 
cylindrical shells the only significant strain components are the hoop strain ( o

ss ) and the 
circumferential curvature ( ss)  of the mid-surface. In the case of thin rings the axial and 
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shear forces (Nxx, Nxs) must vanish along the free edges. The bending and twisting moments 
(Mxx, Mxs) may also be neglected. The final closed form solution for the critical buckling 
pressure is given by the following mathematical expression: 

 
2
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which is only valid for thin rings/cylinders with thickness-to-radius ratio (h/R) 0.1. The 
stiffness coefficients Aani, Bani and Dani are calculated, for the case of long cylinders from:  

 ani

ani

   B
    D

ani

cylinderani

A
B
 
 
 

22 22

22 22

   B
    D

A
B
 

  
 

 (8) 

And for circular rings: 
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Aij are called the extensional stiffnesses given by: 
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Bij are called the   bending-extensional stiffnesses given by: 
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Dij are called the bending stiffnesses: 
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where  k k / hẑ z  is a dimensionless coordinate, and 1k kkˆ ˆ ˆz zh    is the dimensionless 
thickness of the kth lamina. The associated optimization problem shall seek maximization of 
the critical buckling pressure pcr while maintaining the total structural mass constant at a 
value equals to that of a reference baseline design. Optimization variables include the fiber 
volume fraction (Vfk), thickness (hk) and fiber orientation angle (k) of the individual k-th ply, 
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k=1, 2,…..n (total number of plies). Side constraints are always imposed on the design 
variables for geometrical, manufacturing or logical reasons to avoid having unrealistic odd 
shaped optimum designs. The first case study to be examined herein is a long thin-walled 
cylindrical shell fabricated from E-glass/epoxy composites with the lay-up made of only two 
plies (n=2) having fibers parallel to the x-axis (i.e. 1=2=0). Considering the case with no side 
inequality constraints imposed on the design variables, Figure 8 shows the developed ܲcr -
level curves, augmented with the mass equality constraint, in (Vf1- 1ĥ ) design space.  

 
Figure 8. Optimum design space containing pcr-isobars augmented   with the mass equality constraint 

1 0M̂ . . Case of two-layer, E-glass/epoxy cylinder with fibers parallel to cylinder axis (1=2=0). 

It is seen that such a constrained objective function is well behaved in the selected design 
space having the shape of a tent with its ceiling formed by two curved lines, above which 
the mass equality constraint is violated. Their zigzagged pattern is due to the obliged 
turning of many contours, which are not allowed to penetrate the tent’s ceiling and violate 
the mass equality constraint.  The curve to the left represent a 100% fiber volume fraction of 
the outer ply, Vf2, while the other curve to the right represents zero volume fraction, that is 
Vf2=0%. Two local minima with pcr near a value of 0.90 can be observed: one to the lower left 
zone near the design point (Vfk,hk)k=1,2 = (0.15, 0.25), (0.6165, 0.75) while the other lies at the 
upper right zone close to the point (0.625, 0.745), (0.135, 0.255). This represents degradation 
in the stability level by about 10.6% below the baseline value. On the other hand, the 
unconstrained absolute optimum value of the dimensionless critical buckling pressure was 
found to be 1.7874 at the design point (1.0, 0.145), (0.415, 0.855). A more realistic optimum 
design has been obtained by imposing the side constraints: 0.25≤ Vfk≤ 0.75, k=1, 2. The 
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attained solution is (pcr)max =1.2105 at the design point (0.75, 0.215), (0.4315, 0.785), showing 
that good shell designs with higher stability level ought to have a thinner inner layer with 
higher fiber volume fraction and a thicker outer layer with less volume fraction. To see the 
effect of the ply angle, another case of study has been considered for a cylinder constructed 
from two balanced plies () with equal thicknesses and same material properties of E-
glass/epoxy composites. This type of stacking sequence is widely used in filament wound 
circular shells since such a manufacturing process inherently dictates adjacent () layers. A 
local minimum was found near the design point (Vf1,) = (0.375, 0.0) with pcr=0.9985, 
indicating a degradation in the stability level below the baseline design. The absolute 
maximum occurred at the design points (Vf1,)=(0.5,90o) with (pcr)max=3.45766, which means 
that the dimensional critical pressure, pcr=3.45766x2.865=9.906 x(h/R)3 GPa. Figure 9 depicts 
the final global optimum designs of cylinders constructed from adjacent (+) and (-) plies 
for the different types of the selected composite materials. All shall have the same optimal 
solution (Vfk,hk)k=1,2 = (0.75, 0.215), (0.4315, 0.785), independent upon the shell thickness-to 
radius ratio (h/R), a major contribution of the given formulation.  

 
Figure 9. Variation of the absolute maximum buckling pressure with ply angle for balanced (o) 
cylinders with structural mass preserved constant 

Other cases of study include optimization of two different constructions of multi-layered 
cylinders made of AS-4 carbon/epoxy composites. The first one is called a lumped-layup 
construction with the inner half of its wall composed of 90o hoop layers and the outer half 
made of 20o helically wound layers. The second type has different stacking sequence where 
the 20o layers are sandwiched in between outer and inner 90o hoop layers. Optimum 
solutions are given in Table 4, indicating that good designs shall have thicker hoop wound 
layers with higher volume fraction of the fibers near the upper limiting values imposed by 
the manufacturers. On the other hand, the sandwiched helically wound layers are seen to be 
thinner and have less fiber volume fractions. 
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(h/R) 

[900/±200] layup [900/±200/900] layup 

pcr,max=9.37x(10h/R)3 MPa 
pcr,max=36.634x(10h/R)3 

MPa 
Optimum 

value 
% gain Optimum value % gain 

1/50 0.075 17.19 0.293 26.84 
1/25 0.596 15.5 2.344 26.84 
1/20 1.171 15.6 4.579 26.91 
1/15 2.776 14.81 10.854 26.92 

 

Optimum solutions
Two helical layers 

(Vf, h, )= 

 
 

(0.25, 0.225, ±200) 

 
 

(0.2925, 0.235, ±200) 
Two hoop layers

(Vf, h, )= 
 

(0.705, 0.275, 900) 
 

(0.6835, 0.265, 900) 

Table 4. Optimum buckling design of multi-layered, AS-4, FGM composite cylinders 

4. Dynamic optimization of FGM bars in axial motion 

Elastic slender bars in axial motion can give rise to significant vibration problems, which 
assesses the importance of considering optimization of natural frequencies. These 
frequencies, besides being maximized, must be kept out of the range of the excitation 
frequencies in order to avoid large induced stresses that can exceed the reserved fatigue 
strength of the materials and, consequently, cause failure in a short time. Expressed 
mathematically, two different design criteria are implemented here for optimizing 
frequencies:  

Frequency-placement criterion:   Minimize   fi i
i

W   (14) 

Maximum-frequency criterion:    Maximize   fi i
i

W     (15) 

In both criteria, an equality constraint should be imposed on the total structural mass in order 
not to violate other economic and performance requirements. Equation (10) represents a 
weighted sum of the squares of the differences between each important frequency i and its 
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desired (target) frequency i*. Appropriate values of the target frequencies are usually chosen 
to be within close ranges (called frequency windows) of those corresponding to a reference or 
baseline design, which are adjusted to be far away from the critical exciting frequencies. The 
main idea is to tailor the mass and stiffness distributions in such a way to make the objective 
function a minimum under the imposed mass constraint. The second alternative for reducing 
vibration is the direct maximization of the system natural frequencies as expressed by 
equation (11). Maximization of the natural frequencies can ensure a simultaneous balanced 
improvement in both of stiffness and mass of the vibrating structure. It is a much better design 
criterion than minimization of the mass alone or maximization of the stiffness alone. The latter 
can result in optimum solutions that are strongly dependent on the limits imposed on either 
the upper values of the allowable deflections or the acceptable values of the total structural 
mass, which are rather arbitrarily chosen. The proper determination of the weighting factors 
Wfi should be based on the fact that each frequency ought to be maximized from its initial value 
corresponding to a baseline design having uniform mass and stiffness properties. Reference 
[14] applied the concept of material grading for enhancing the dynamic performance of bars in 
axial motion. The associated eigenvalue problem is cast in the following:  

  
2

2
2 0 0 1
ˆ ˆ ˆU dE dUdˆ ˆˆ ˆE . U ,   xˆˆ ˆdx dxdx̂
        (16) 

where ܷ =  .dimensionless frequency ܧ/ߩඥܮ߱= is the dimensionless amplitude and ෝ߱ ܮ/ܷ
Both continuous and discrete distributions of the volume fractions of the selected composite 
material were analyzed in [14]. The general solution of Eq. (12), where the modulus of 
elasticity and mass density vary in the axial direction, can be expressed by the following 
power series:  

  
2

1
m m

m

ˆ ˆ ˆU(x) (x)C


   (17) 

where Cm’s are the constants of integration and m’s are two linearly independent solutions 
that have the form: 

   1
m      (n m)n

m,n
n m

ˆ(x) ˆa x





    (18) 

The unknown coefficients am,n can be determined by substitution into the differential 
equation (12) and equating coefficients of like powers of x̂ . Table 5 summarizes the 
appropriate mathematical expressions of the frequency equation for any desired case, which 
can be obtained by application of the associated boundary conditions and consideration of 
nontrivial solutions. 

Variation of the volume fractions in FGM structures is usually described by power-law 
distributions. Figure 10 shows both linear and parabolic models for material grading along 
the bar span. Results given in [14] showed that, for Fixed-Fixed and Fixed-Free boundary 
conditions, patterns with higher fiber volume fraction near the fixed ends are always  
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Fixed-Fixed Bar 
Symmetrical modes 
Unsymmetrical modes 

Boundary conditions Frequency equation ( ̂ o)i 
 

0 1 2 0ˆ ˆU( ) U ( / )   
 

2
2

3
1 12 n

n
n

(n ) ( )a
 


    

 
(π, 3π, 5 π) 

0 1 2 0ˆ ˆU( ) U( / )  1
2

2
02 n

n
n

( )a
 


  (2π, 4π, 6π) 

Fixed-Free Bar 0 1 0ˆ ˆU( ) U ( ) 
2

3
1 1n

n
(n )a




    (π, 3π, 5π) /2 

Free-Free Bar 
Symmetrical modes 
Unsymmetrical modes 

 

0 1 2 0ˆ ˆU ( ) U ( / )    
 

2
1

3
1 02 n

n
n

(n ) ( )a
 


   

 
(2π, 4π, 6π) 

0 1 2 0ˆ ˆU ( ) U( / )   1
1

3
12 n

n
n

( )a
 


   (π, 3π, 5 π) 

Table 5. Frequency equations for different types of boundary conditions. ̂ o,i are the dimensionless 
natural frequencies of the baseline design ( ̂ o=0 corresponding to the first rigid body mode of a Free-
Free bar). The notation (  )׳ means d/d x̂ . 

favorable. The opposite trend is true for cases of Free-Free bars. Maximization of the 
fundamental frequency alone produces an optimization gain of about 14.33% for the linear 
model with 0% and 100% volume fractions at the ends of the optimized bars with different 
boundary conditions. However, a drastic reduction in the 2nd and 3rd frequencies was 
observed. Better solutions have been achieved by maximizing a weighted-sum of the first 
three frequencies, where the parabolic model was found to excel the linear one in producing 
balanced improvements in all frequencies. Results have also indicated that the Fixed-Fixed 
bars are recommended to have concave distribution rather than convex one. The latter 
produce poor patterns with degraded stiffness-to-mass ratio levels. The opposite trend was 
observed for the free-free bars, where the convex type is much more favorable than the 
concave type. Both concave and convex shapes can be accepted for a cantilevered bar. For 
piecewise models, the developed isomerits for the case of Free-Free bar built of four 
symmetrical segments made of carbon/epoxy composites are shown in Figure 11. The global 
maximum of the fundamental frequency is located at the lower region to the left of the 
design space having a value of 1 3 45406, maxˆ .   at the optimal design point (VA, L̂ )k=1,2 
=(0.1885,0.1625), (0.650, 0.3375), which represents about 10% optimization gain. 

 
Figure 10. Symmetrical shape models of volume fraction distribution along bar length 
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Figure 11. Dimensionless frequency isomerits of free-free bar under mass constraint  

5. Material grading for improved aeroelastic stability of composite wings 

Aircraft wings can experience aeroelastic instability condition in high speed flight regimes. 
A solution that can be promising to enhance aeroelastic stability of composite wings is the 
use of the concept of functionally graded materials (FGMs) with spatially varying 
properties. Reference [15] introduced some of the underlying concepts of using material 
grading in optimizing subsonic wings against torsional instability. Exact mathematical 
approach allowing the material properties to change in the wing spanwise direction was 
applied, where both continuous and piecewise structural models were successfully 
implemented. The enhancement of the torsional stability was measured by maximization of 
the critical flight speed at which divergence occurs with the total structural mass kept at a 

(a) Fundamental frequency (Unsymmetrical mode) 

(b) Second frequency (Symmetrical mode).
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constant value in order not to violate other performance requirements. Figure 12 shows a 
rectangular composite wing model constructed from uniform piecewise panels, where the 
design variables are defined to be the fiber volume fraction (Vf) and length (L) of each panel.  

 
Figure 12. Composite wing model with material grading in spanwise direction 

The isodiverts (lines of constant divergence speed) for a wing composed from two panels 
made of carbon-AS4/epoxy-3501-6 composite are shown in Figure 13. The selected design 
variables are (Vf1,L1) and (Vf2,L2). However, one of the panel lengths can be eliminated, 
because of the equality constraint imposed on the wing span. Another variable can also be 
discarded by applying the mass equality constraint, which further reduces the number of 
variables to only any two of the whole set of variables. Actually the depicted level curves 
represent the dimensionless critical flight speed augmented with the imposed equality mass 
constraint. It is seen that the function is well behaved, except in the empty regions of the 
first and third quadrants, where the equality mass constraint is violated.  The final 
constrained optima was found to be (Vf1,L1)= (0.75, 0.5) and (Vf2,L2)= (0.25, 0.5), which 
corresponds to the maximum critical speed of 1.81, representing an optimization gain of 
about 15% above the reference value /2. The functional behavior of the critical flight speed 

divV̂  of a three-panel model is shown in Figure 14, indicating conspicuous design trends for 
configurations with improved aeroelastic performance. As seen, the developed isodiverts 
have a pyramidal shape with its vertex at the design point (Vf2, L2)=(0.5, 1.0) having divV̂
=/2. The feasible domain is bounded from above by the two lines representing cases of two-
panel wing, with Vf1=0.75 for the line to the left and Vf3=0.25 for the right line. The contours 
near these two lines are asymptotical to them in order not to violate the mass equality 
constraint. The final global optimal solution, lying in the bottom of the pyramid, was 
calculated using the MATLAB optimization toolbox routines as follows: (Vfk, Lk)k=1,2,3 = (0.75, 
0.43125), (0.5, 0.1375), (0.25, 0.43125) with divV̂ =1.82, which represents an optimization gain 
of about 16%. Actually, the given exact mathematical approach ensured the attainment of 
global optimality of the proposed optimization model. A more general case would include 
material grading in both spanwise and airfoil thickness directions. 

6. Optimization of FGM pipes conveying fluid 

The determination of the critical flow velocity at which static or dynamic instability can be 
encountered is an important consideration in the design of slender pipelines containing  
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Figure 13. Isodiverts of for a two-panel wing model 

 
Figure 14. Isodiverts of divV̂  in (Vf2-L2) design space for a three-panel wing model 

flowing fluid. At sufficiently high flow velocities, the transverse displacement can be too 
high so that the pipe bends beyond its ultimate strength leading to catastrophic instabilities. 
In fact maximization of the critical flow velocity can be regarded as a major aspect in 
designing an efficient piping system with enhanced flexural stability. It can also have other 
desirable effects on the overall structural design and helps in avoiding the occurrence of 
large displacements, distortions and excessive vibrations, and may also reduce fretting 
among structural parts, which is a major cause of fatigue failure. The dynamic 
characteristics of fluid-conveying functionally graded materials cylindrical shells were 
investigated in [16]. A power-law was implemented to model the grading of material 
properties across the shell thickness and the analysis was performed using modal 
superposition and Newmark’s direct time integration method. Reference [17] presented an 
analytical approach for maximizing the critical flow velocity, also known as divergence 
velocity, through multi-module pipelines for a specified total mass. Optimum solutions 
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were given for simply supported pipes with the design variables taken to be the wall 
thickness and length of each module composing the pipeline. A recent work [18] considered 
stability optimization of FGM pipelines conveying fluid, where a general multimodal model 
was formulated and applied to cases with different boundary conditions. A more spacious 
optimization model was given and extending the analysis to cover both effects of material, 
thickness grading and type of support boundary conditions. The model incorporated the 
effect of changing the volume fractions of the constituent materials for maximizing the 
critical flow velocity while maintaining the total mass at a constant value. Additional 
constraints were added to the optimization model by imposing upper limits on the 
fundamental eigenvalue to overcome the produced multiplicity near the optimum solution. 
Figure 15 shows the pipe model under consideration consisting of rigidly connected thin-
walled tubes, each of which has different material properties, cross-sectional dimensions 
and length. The tube thickness, h, is assumed to be very small as compared with the mean 
diameter, D. The pipe conveys an incompressible fluid flowing steadily with an axial 
velocity Uk through the kth module. The variation in the velocity across the cross section 
was neglected, and the pipe was assumed to be long and slender so that the classical 
engineering theory of bending can be applicable. The effects of structural damping, 
damping of surroundings and gravity were not considered. Practical designs ignoring small 
damping, which has stabilizing effect on the system motion, are always conservatives. The 
model axis in its un-deformed state coincides with the horizontal x-axis, and the free small 
motion of the pipe takes place in a two dimensional plane with transverse displacement, w.  

 
Figure 15. General configuration of a piecewise axially graded pipe conveying fluid. 

The various parameters are normalized by their corresponding values of a baseline pipe 
having the same total mass and length, material and fluid properties, and boundary 
conditions as well. The baseline pipe has uniform mass and stiffness distributions along its 
length and is made of two different materials denoted by (A) and (B) with equal volume 
fractions (V), i.e. VA=VB= 50%. The governing differential equation in dimensionless form:  
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 2 0kw w    (19) 

where  k max
k k

k k kk

UA AU IE A E Ik
   

  k=1,2,…,Nm   (20)  

which is valid over the length of any kth module of the pipe, i.e. 0  x  Lk, where x =x-xk  

In equation (16), U stands for the flow velocity through the pipe module having the 
maximum cross sectional area Amax and Nm is the total number of modules composing the 
pipeline. It is noted that consideration of the continuity equation provides that UkAk=UAmax 
,k=1,2,…Nm Possible boundary conditions at the end supports of the pipeline are stated in 
the following: 

(a) Hinged-Hinged        (H/H):  w(0)=w(0)=0 
                                                      w(1)=w(1)=0 
(b) Clamped-Hinged     (C/H):  w(0)=w(0)=0 
                                                      w(1)=w (1)=0   
(c) Clamped-Clamped  (C/C):  w(0)=w (0)=0 
                                                       w(1)=w(1)=0 

For a cantilevered pipeline, static instability caused by divergence is unlikely to happen. The 
non-trivial solution of the associated characteristic equation results in a vanishing bending 
displacement over the entire span of the pipeline. For such pipe configuration, dynamic 
instability (flutter) may only be considered. The state variable are defined by the vector 

 T
k k k

Z w  M F w w EIw  EIw               (21) 

At two successive joints (k) and (k+1) the state vectors are related to each other by the matrix 
equation 

 Zk+1 = [ Tk ] Zk (22) 

where [Tk] is a square matrix of order 4x4 known as the transmission or transfer matrix of 
the kth pipe module. For a pipeline built from Nm - uniform modules, Eq.(18) can be applied 
at successive joints to obtain  

 ZNm+1 = [ T ]  Z1     (23) 

where [T] is called the overall transmission matrix formed by taking the products of all the 
intermediate matrices of the individual modules. Therefore, applying the boundary 
conditions and considering only the non-trivial solution, the resulting characteristic 
equation can be solved numerically for the critical flow velocity, U. Extensive computer 
experimentation for obtaining the non-trivial solution of Eq.(19), for various pipe 
configurations, has demonstrated that the critical velocity can be multiple in some zones in 
the design space. This means that the eigenvalues cross each other, indicating multi-modal 
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solutions (i.e. Bi- Tri- Quadri- modal solutions). Such a multiplicity introduces singularity of 
the eigenvalue derivatives with respect to the design variables, which does not allow the use 
of gradient methods. Therefore, it is necessary to formulate the optimization problem with 
respect to the critical velocity connected with two, three, or four simultaneous divergence 
modes. The present formulation employs multi-dimensional, non-gradient search 
techniques to find the required optimum solutions [2, 3]. This formulation requires only 
simple function evaluations without computing any derivatives for either the objective 
function or the design constraints. The additional constraints, which ought to be added to 
the optimization problem, are [18]:  

 U1 Uj ,   j=2,3…m.   (24) 

where U1 is the first eigenvalue representing the dimensionless critical flow velocity,  Uj's 
are the subsequent higher eigenvalues and m is the assumed modality of the final optimum 
solution. All constraints are augmented with the objective function through penalty 
multiplier terms, and the number of active constraints at the optimum design point can 
automatically detect the actual modality of the problem. In the case of single mode 
optimization, none of the constraints become active at the optimal solution.  It is noted that 
the total mass and length equality constraints can be used to eliminate some of the design 
variables, which help reducing the dimensionality of the optimization problem. The 
MATLAB optimization toolbox is a powerful tool that includes many routines for different 
types of optimization encompassing both unconstrained and constrained minimization 
algorithms [3]. One of its useful routines is named “fmincon” which finds the constrained 
minimum of an objective function of several variables. Figure 16 depicts the functional 
behavior of the dimensionless critical flow velocity, Ucr,1 augmented with the equality mass 
constraint, Ms=1. It is seen that the function is well behaved and continuous everywhere in 
the design space (Vf -L)1, except in the empty region located at the upper right of the whole 
domain, where the mass equality constraint is violated. The feasible domain is seen to be 
split by the baseline contours (Ucr=) into two distinct zones. The one to the right 
encompasses the constrained global maxima, which is calculated to be Ucr=3.2235 at the 
optimal design point (Vf ,L)k=1,2 =(0.550, 0.80), (0.30, 0.20). Actually, each design point inside 
the feasible domain corresponds to different material properties as well as different stiffness 
and mass distributions, while maintaining the total structural mass constant. Figure 17 
shows the developed isodiverts (lines of constant divergence velocity, Ucr,1) in the (Vf1-Vf2) 
design space. The equality mass constraint is violated in the first and third quadrants and 
the cross lines Vf1=50% and Vf2=50% represent the isodiverts of the baseline value . For the 
case of a clamped-hinged (C/H), two-module pipe, the global maxima was calculated to be 
(Vf ,L)k=1,2 =(0.525, 0.875), (0.325, 0.125) at which Ucr,1=4.5645. Table 6 summarizes the attained 
optimal solutions for the different types of boundary conditions. Cases of combined material 
and thickness grading are also included, showing a truly and significant optimization gain 
for the different pipe configurations. More results indicated that for the case of H/H 
pipelines, good patterns must be symmetrical about the mid-span point. Therefore, it can be 
easier to cope with symmetrical configurations, which reduce computational efforts 
significantly, and the total number of variables to half. In this case, the boundary conditions 
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become w(0)=w(0)=0 and w(1/2)=w(1/2)=0. For three-module H/H pipeline, the attained 
maximum value of the critical velocity was found to be 3.7955, occurring at the design point 
(Vf, h, L)k= (0.625,0.5,0.15625), (0.7,1.1375, 0.6875), (0.625, 0.5, 0.15625). This represents about 
20.81% optimization gain above the baseline value . 

 

Support (Vf, h, L)k=1,2 Ucr,max 

 
H/H 
C/H 
C/C 

Material grading only 
(0.550, 1.0, 0.800), (0.300, 1.0, 0.200) 
(0.525, 1.0, 0.875), (0.325, 1.0, 0.125) 
(0.675, 1.0, 0.125), (0.475, 1.0, 0.875) 

 

 
3.2235
4.5645
6.3325
 

 
H/H 
C/H 
C/C 

Combined material & thickness grading
(0.70, 1.0, 0.75), (0.65, 0.75, 0.25) 
(0.70, 0.95, 0.9), (0.50, 0.85, 0.10) 
(0.70, 1.0, 0.60), (0.65, 0.85, 0.40) 

 
3.6235
5.1355
7.0965 

Table 6. Optimal solutions for two-module pipelines 

 

 
Figure 16. Effect of material grading on the critical flow velocity for a two-module, H/H pipe with 
constant total mass. 
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Figure 17. Isodiverts in the (Vf1-Vf2) design space for a two-module, H/H pipe. 

7. Conclusion 

As a major concern in producing efficient structures with enhanced properties and tailored 
response, this chapter presented appropriate design optimization models for improving 
performance and operational efficiency of different types of composite structural members. 
The concept of material grading was successfully applied by incorporating the distribution 
of the volume fractions of the composite material constituents in the mathematical 
formulation. Different optimization strategies have been addressed, including maximization 
of buckling stability of columns and cylindrical shells, natural frequencies of vibrating bars 
and critical flight speed of subsonic wings. Other stability problems concerning fluid-
structure interaction has also been addressed. The general set of design variables 
encompasses volume fraction distribution, geometry and cross-sectional parameters.  It has 
been shown that normalization of all quantities results in a naturally scaled objective 
functions, constraints and design variables, which is recommended when applying different 
optimization techniques. Piecewise models including multi-segment and multi-layered 
composite structures are implemented, where the optimized designs can be fabricated 
economically from any arbitrary number of uniform segments with material grading in a 
predetermined direction. Several design charts that are useful for direct determination of the 
optimal values of the design variables are given.  It has been confirmed that the segment 
length is most significant design variable in the whole optimization process. Some 
investigators who apply finite elements have not recognized that the length of each element 
can be taken as a main design variable in the whole set of optimization variables. The results 
from the present approach reveal that piecewise grading of the material can be promising 
producing truly efficient designs with enhanced stability, dynamic and aeroelastic 
performance. Actually, the most economic structural design that will perform its intended 
function with adequate safety and durability requires much more than the procedures that 
have been described in this chapter. It is the author's wish that the results presented in this 
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chapter will be compared and validated through other optimization techniques such as 
genetic algorithms or any appropriate global optimization algorithm. Further optimization 
studies must depend on a more accurate analysis of constructional cost. This combined with 
probability studies of load applications and materials variations, should contribute to 
further efficiency achievement. Much improved and economical designs for the main 
structural components may be obtained by considering multi-disciplinary design 
optimization, which allows designers to incorporate all relevant design objectives 
simultaneously. Finally, it is important to mention that, while FGM may serve as an 
excellent optimization and material tailoring tool, the ability to incorporate optimization 
techniques and solutions in practical design depend on the capacity to manufacture these 
materials to required specifications. Conventional techniques are often incapable of 
adequately addressing this issue. In conclusion, FGMs represent a rapidly developing area 
of science and engineering with numerous practical applications. The research needs in this 
area are uniquely numerous and diverse, but FGMs promise significant potential benefits 
that fully justify the necessary effort. 
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1. Introduction 

The primary goal of the research in constrained elastica is to understand the behavior of a 
thin elastic strip under end thrust when it is subject to lateral constraints. It finds 
applications in a variety of practical problems, such as in compliant foil journal bearing, 
corrugated fiberboard, deep drilling, structural core sandwich panel, sheet forming, non-
woven fabrics manufacturing, and stent deployment procedure. By assuming small 
deformation, Feodosyev (1977) included the problem of a buckled beam constrained by a 
pair of parallel walls as an exercise for a university strength and material course. Vaillette 
and Adams (1983) derived a critical axial compressive force an infinitely long constrained 
elastica can support. Adams and Benson (1986) studied the post-buckling behavior of an 
elastic plate in a rigid channel. Chateau and Nguyen (1991) considered the effect of dry 
friction on the buckling of a constrained elastica. Adan et al. (1994) showed that when a 
column with initial imperfection positioned at a distance from a plane wall is subject to 
compression, contact zones may develop leading to buckling mode transition. Domokos et 
al. (1997), Holms et al. (1999), and Chai (1998, 2002) investigated the planar buckling 
patterns of an elastica constrained inside a pair of parallel plane walls. It was observed that 
both point contact and line contact with the constraint walls are possible. Kuru et al. (2000) 
studied the buckling behavior of drilling pipes in directional wells. Roman and Pocheau 
(1999, 2002) used an elastica model to investigate the post-buckling response of bilaterally 
constrained thin plates subject to a prescribed height reduction. Chen and Li (2007) and Lu 
and Chen (2008) studied the deformation of a planar elastica inside a circular channel with 
clearance. Denoel and Detournay (2011) proposed an Eulerian formulation of the 
constrained elastica problem. 

The emphasis of these studies was placed on the static deformations of the constrained 
elastica. Very often, multiple equilibria under a specified set of loading condition are 
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possible. Since only stable equilibrium configurations can exist in practice, there is a need to 
determine the stability of each of these equilibria in order to predict the behavior of the 
constrained elastica as the external load varies. For an unconstrained elastica, vibration 
method is commonly used to determine its stability; see Perkins (1990), Patricio et al. (1998), 
Santillan, et al. (2006), and Chen and Lin (2008). This conventional method, however, 
becomes useless in the case of constrained elastica.  

The difficulty of the conventional vibration method arises from the existence of unilateral 
constraints. A unilateral constraint is capable of exerting compressive force onto the 
structure, but not tension. Mathematically, this type of constraints can be represented by a 
set of inequality equations. This poses challenges in determining the critical states of the 
loaded structure. In order to overcome this difficulty, the conventional stability analysis 
needs modification. In this chapter, we introduce a vibration method which is capable of 
determining the stability of a constrained elastica once the equilibrium configuration is 
known. The key of solving the vibration problem in constrained elastica is to take into 
account the sliding between the elastica and the space-fixed unilateral constraint during 
vibration. 

In this chapter, we consider the vibration of an elastica constrained by a space-fixed point 
constraint. This particular constrained elastica problem is used to demonstrate the vibration 
method which is suitable to analyze the stability of a structure under unilateral constraint. 
In Section 2, we describe the studied problem in detail. In Section 3, we describe the static 
load-deflection relation. In Section 4, we introduce the theoretical formulation of the 
vibration method. In Section 5 an imperfect system when the point constraint is not at the 
mid-span is analyzed. In Section 6, several conclusions are summarized. 

2. Problem description  

Figure 1 shows an inextensible elastic strip with the right end fully clamped at a point B. On 
the left hand side there is a straight channel with an opening at point A. The distance 
between points A and B is L. Part of the strip is allowed to slide without friction and 
clearance inside the channel. A longitudinal pushing force AF  is applied at the left end of 
the strip inside the channel causing it to buckle in the domain of interest between points A 
and B. An xy-coordinate system is fixed at point A. A point H fixed at position / 2x L  and 
y h  prevents the elastica from deforming freely after the elastica contacts point H.  

The elastic strip is assumed to be straight and stress-free when AF =0. The effect of gravity is 
ignored. The strip is uniform in all mechanical properties along its length. The length and 
the shape of the elastica in the domain of interest vary as the pushing force AF  increases. 
The boundary condition at point A may be called “partially clamped,” by which we mean 
that the strip is allowed to slide freely through the opening A, while the lateral displacement 
and slope at A are fixed. The dashed and solid curves in Figure 1 represent two typical 
stages of the elastica deformation when AF  increases beyond the buckling load. The dashed 
curve is a symmetric deformation pattern before the elastica contacts the point constraint. 
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The solid curve represents an asymmetric deformation after the elastica contacts the point 
H. Other deformation patterns may also exist, which will be discussed later.  
 

 
Figure 1. An elastica constrained by a space-fixed point at H. The dashed and solid curves represent 
typical symmetric and asymmetric deformations, respectively.  

3. Load-deflection relation  

The equilibrium equation at any point (x,y) of the buckled strip between points A and B, as 
shown in Figure 1, can be written as 

 A A A
dEI Q x F y M
ds

     (1) 

AQ  and AM  are the internal shear force and bending moment, respectively, provided by 
the partial clamp at A.   (positive when counter-clockwise) is the rotation angle of the strip 
at point (x,y). EI is the flexural rigidity of the elastic strip. s is the length of the strip 
measured from point A. For convenience we introduce the following dimensionless 
parameters (with asterisks):  
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  is the mass per unit length of the elastica. t is time and   is a circular natural frequency, 
which will be discussed in the dynamic analysis later. After substituting the above relations 
into Equation (1), and dropping all the superposed asterisks thereafter for simplicity, we 
obtain the dimensionless equilibrium equation 
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  24 A A A
d M Q x F y
ds

     (2) 

The method of static analysis can be found in Chen and Ro (2010). In this section we 
introduce several deformation patterns of the constrained elastica. All the physical 
quantities described henceforth are dimensionless. 

The length of the elastica being pushed in through the opening is 1l l   , where l is the 
dimensionless length of the elastica between points A to B. Figure 2 shows the relation 
between the edge thrust AF  and the length increment l . The height of the point constraint 
h is 0.03. The dashed and solid curves in this load-deflection diagram represent unstable and 
stable configurations, respectively. The method used in determining the stability of the static 
deformation will be described in detail in Section 4.  

 
Figure 2. Load-deflection curves for h=0.03. The solid and dashed curves represent stable and unstable 
deformations, respectively. 

The symmetric deformation before contact occurs is called deformation (1), whose locus 
starts at ( AF , l ) = (1,0) and ends at (0.99668, 0.0022188). The slope of this load-deflection 
curve is slightly negative. After the middle point C of the elastica touches the point 
constraint H, the deformation pattern initially remains symmetric, called deformation (2). 
The load-deflection curve of deformation (2) starts at ( AF , l )=(0.99668,0.0022188) and ends 
at (3.97314, 0.0026985). It is noted that the lower part of this load-deflection curve up to 
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(2.03268, 0.0023129) is solid and the upper part is dashed. At the point separating the solid 
and dashed parts, a symmetry-breaking bifurcation occurs and the elastica evolves to a pair 
of asymmetric deformations 4(a) and 4(b). As the pushing force continues to increase, it is 
natural to envision that the elastica may evolve to an “M” shape, i.e., there exist two 
inflection points in each half of the span, called deformation (3). The load-deflection curve 
corresponding to deformation (3) starts at ( AF , l )=(3.97314, 0.0026985) and continues 
beyond the range of Figure 2. The slope of this curve is slightly negative.  

At point ( AF , l )=(2.03268, 0.0023129), the symmetric deformation (2) described previously 
may bifurcate to a pair of asymmetric deformations 4(a) and 4(b). Both of (4a) and (4b) have 
one inflection point on each of the half span separated by the point constraint. Both (4a) and 
(4b) start at ( AF , l )=(2.03268, 0.0023129), while (4a) ends at (2.03545, 0.0028996) and (4b) 
ends at (2.02600 0.0028996). The slopes of curves (4a) and (4b) are positive and negative 
throughout, respectively. Stability analysis later indicates that deformation (4b) is unstable 
while (4a) is stable. As l  increases further, the pair of deformations (4a) and (4b) evolve to 
a pair of asymmetric deformations (5a) and (5b). Deformation (5a) has two inflection points 
on the left span and one inflection point on the right span. On the other hand, deformation 
(5b) has two inflection points on the right span and one inflection point on the left span. The 
slope of load-deflection curve of (5b) is negative throughout. On the other hand, the curve of 
(5a) is of convex shape with the top being at point ( AF , l ) =(2.03554, 0.0031711), which is 
very close to the end of curve of deformation (4a). Deformation (5a) is stable first until the 
curve reaches the top at ( AF , l ) =(2.03554, 0.0031711). At this critical point, the elastica will 
jump to another configuration. The load-deflection curves near the symmetry-breaking 
point are magnified and shown in the inset of Figure 2.  

The theoretical load-deflection curves shown in Figure 2 give us a mental picture how the 
elastica evolves as the pushing force AF  increases. First of all, the elastica remains still when 

AF  is smaller than 1, the Euler buckling load. As soon as AF  reaches 1, the elastica jumps to 
symmetric deformation (2) in contact with the point constraint. As AF  increases, a 
symmetry-breaking bifurcation occurs and the elastica evolves to asymmetric deformation 
(4a) first and smoothly to (5a). As AF  continues to increase up to a certain value, a second 
jump occurs. Following this jump the elastica will eventually settle to a self-contact 
configuration. This self-contact configuration requires a length increment l  over 8, which 
is well beyond the range of Figure 2. The above scenario has been verified experimentally in 
Chen and Ro (2010). In the next section we describe the vibration method used to determine 
the stability of the static deformations.  

4. Vibration and stability analyses  

4.1. Lagrangian and Eulerian descriptions  

As mentioned above, the deformation patterns discussed in Section 3 may not necessarily be 
stable. If the deformation is unstable, then it can not be realized in practice. In order to study 
the vibration and stability properties of the elastica, we first derive the equations of motion 
of a small element ds supported by the point constraint, as shown in Figure 3.  
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Figure 3. The free body diagram of a small element ds constrained by the space-fixed point. 

The geometrical relations between x, y, and   are 
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The balance of moment and forces in the x- and y-directions results in 
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( , )xF s t  and ( , )yF s t  are the internal forces in the x- and y-directions. The moment-curvature 
relation of the Euler-Bernoulli beam model is 
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 2( , ) 4 ( , )s t M s t
s


 


 (8) 

The readers are reminded that the functions x , y ,  , M , xF , and yF  in Equations (3)-(8) 
are dimensionless and are all written explicitly in terms of s and t for clarity. These six 
equations can be called the Lagrangian version of the governing equations because a 
material element ds at location s is isolated as the free body. s may be called the Lagrangian 
coordinate of a point on the elastica. It is noted that s=0, 1l , and l represent the material 
points at the left end, the contact point, and the right end, respectively, when the elastica is 
in equilibrium. During vibration, the elastica may “slide” on the point constraint. As a 
consequence, the contact point on the elastica may change from s= 1l  to 1 1s l   , where 

1( )t  is a small number. This change of contact point is reflected in Equations (6) and (7). 
( )xR t  and ( )yR t  are the x- and y-component forces exerted by the point constraint on the 

elastica during vibration.     is the dimensionless Dirac delta function.  

We denote the static solutions of Equations (3)-(8) as ( )ex s , ( )ey s , ( )e s , ( )eM s , ( )xeF s , and 
( )yeF s . It is assumed that these static solutions are known. In the case when contact occurs, 

the relations between xeF , yeF  and AF , AQ  are 

  1( )xe A xeF s F R H s l     (9) 

  1( )ye A yeF s Q R H s l    (10) 

H is the Heaviside step function. During vibration, the function ( , )yF s t  may be regarded as 
the superposition of ( )yeF s  in Equation (10) and a small harmonic perturbation, expressed 
mathematically as  

1 1 1( , ) ( ) ( ( ) ( ))y ye yeF s t F s R H s l H s l          

  1 1 1( ) sinyd ydF s R H s l t         (11) 

A variable with subscript “d” represents a small perturbation of its static counterpart with 
subscript “e.”  

Figure 4 is a graphical interpretation of Equation (11). The solid step lines in Figure 4(a) 
represent ( )yeF s . After sliding occurs the cross-hatched area disappears and the contact 
point moves from 1s l  to 1 1s l   . This shift of the contact point from s= 1l  to 1 1s l    
is represented by the first bracket on the right hand side of Equation (11). Figure 4(b) shows 
the superposition of reactive point force ydR  to the right of the new contact point. This 
action is represented by the second term in the second bracket on the right hand side of 
Equation (11). Finally, Figure 4(c) shows the superposition of ˆ

ydF . The step dashed curve in 
Figure 4(c) represents the final ( , )yF s t  in Equation (11).   

After defining a new variable   as 
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   1,s  (12) 

Equation (11) can be rewritten as 

 ˆ ( , ) ( )y yeF t F        1( ) sinyd ydF R H l t        (13) 

where 1
ˆ ( , ) ( , )y yF t F t     . Apparently, ˆ

yF  and yF  are two different functions. It is noted 
that ( )yeF   is the static solution as obtained from the static analysis, except that the 
independent variable s is replaced by  . Similarly, the other perturbed functions may be 
written as 

 
Figure 4. Schematic diagram to demonstrate the perturbation of ( , )yF s t , refer to Equation (11).  

(a) 

(b) 

(c) 
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 ˆ ( , ) ( )x xeF t F     1( ) sinxd xdF R H l t        (14) 

 ˆ( , ) ( ) ( )sine dx t x x t       (15) 

 ˆ( , ) ( ) ( )sine dy t y y t       (16) 

 ˆ( , ) ( ) ( )sine dt t          (17) 

 ˆ ( , ) ( ) ( )sine dM t M M t       (18) 

  defined in Equation (12) may be called the Eulerian coordinate of a point on the elastica. 

1l   represents the point of the elastica passing through the point constraint at any 
instance during vibration. It can be a different material point at a different instant. The 
physical meaning of 1l   is like fixing a control window at the point constraint. Therefore, 
we call this type of description an Eulerian one. 

By noting that 1
s





, the Lagrangian version of the governing equations (3)-(8) can now be 

transformed into the Eulerian version as 
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By substituting Equations (13)-(18), together with the relations 

 ( ) sinx xe xdR t R R t    (25) 

 ( ) siny ye ydR t R R t    (26) 
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 1 1( ) sindt t     (27) 

into Equations (19)-(24) and ignoring the higher-order terms, we arrive at the following 
linear equations for the six functions ( )dx  , ( )dy  , ( )d  , ( )dM  , ( )xdF  , and ( )ydF  : 
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4.2. Boundary conditions 

The exact boundary conditions at the fixed end B are  

 
1

ˆ( , ) ( , ) 1
s l l

x s t x t
  
    (34) 

 
1

ˆ( , ) ( , ) 0
s l l

y s t y t
  
    (35) 

 
1

ˆ( , ) ( , ) 0
s l l

s t t
  

      (36) 

These boundary conditions can be linearized as follows. Take Equation (34) as an example. 
By using Equation (15), we can rewrite (34) into  

 
1 1

( ) ( ) sin 1e dl l
x x t

   
      (37) 

Both 
1

( )e l
x

 
  and 

1
( )d l

x
 

  in Equation (37) can be expanded as a Taylor series with 
respect to l  . After ignoring the higher-order terms, Equation (37) can be linearized to  
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 1( )d dl
x


    (38) 

Similarly, the boundary conditions (35)-(36) can be linearized to 

 ( ) 0d l
y


   (39) 

 2
1( ) 4 ( )d e dl l

M
 

       (40) 

The boundary condition at the left end A is more complicated. We denote the material point 
on the strip right at the opening A of the channel as point A’ when the elastica is in 
equilibrium, as shown in Figure 5(a). Since the strip is under a constant pushing force at the 
left end, A’ will retreat into and protrude out of the channel when the elastica vibrates, as 
shown in Figures 5(b) and 5(c). We denote this small length of movement as  

 0 0( ) sindt t      (41) 
 

 
Figure 5. The boundary conditions at the opening A of the feeding channel. (a) In equilibrium position, 
the material point A’ coincides with point A. When the elastica vibrates, the material point A’ (b) 
retreats in and (c) protrudes out of the channel.      

The condition of zero slope at opening A requires that  

 
0 0 1

ˆ( , ) ( , ) 0
s

s t t
  

      (42) 

Following the similar linearization procedure as at point B, we can linearize boundary 
condition (42) to the form 

 2
0 10 0

( ) 4 ( ) ( )d e d dM
 

          (43) 
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Similarly, we can derive  

 
0 10

( ) ( )d d dx


       (44) 
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Finally, Equations (43) and (44) may be combined as 

 2
0 00

( ) 4 ( ) ( )d e dM x
 

       (47) 

The three equations (45)-(47) are the linearized boundary conditions at point A.  

4.3. Constraint equations  

When contact occurs, it is required that the elastica always passes through the point 
constraint. Mathematically, this condition can be written as 

 
1 1 1

ˆ( , ) ( , ) 0.5
s l l

x s t x t
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After using Equations (15)-(16), Equations (48)-(49) can be rewritten as 

 
1

( ) 0d l
x


   (50) 

 
1

( ) 0d l
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   (51) 

We also require that the dynamic reactive force must be always normal to the elastica at the 
point constraint, or mathematically, 

 ˆ ˆcos ( , ) sin ( , ) 0x yR t R t        at 
1l   (52) 

After using Equations (17), (25)-(26) and neglecting higher-order terms, Equation (52) can be 
linearized to   

 ( ) cos ( ) ( ) sin ( ) 0ye d xd e xe d yd eR R R R                  
  at 

1l   (53) 

Equations (50), (51), and (53) are the three constraint equations. 

4.4. Solution method 

In summary, the six linearized differential equations (28)-(33), six boundary conditions (38)-
(40), (45)-(47), and three constraint equations (50)-(51) and (53) admit nontrivial solutions 
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only when   is equal to an eigenvalue of the system of equations. The unknowns to be 
found are the six functions ( )dx  , ( )dy  , ( )d  , ( )dM  , ( )xdF  , ( )ydF  , the amplitude of 
sliding at the point constraint 1d , and the two dynamic constraint reactions xdR  and ydR . 
It is noted that   in Equations (32)-(33) only appears in the form of 2 . Therefore, if the 
characteristic value 2  is positive, the corresponding mode is stable with natural frequency 
 . On the other hand, the equilibrium configuration is unstable if 2  is negative.  

A shooting method is used to solve for the characteristic value 2 . Since the linear vibration 
mode shape is independent of the amplitude, we can set 

0
( ) 1dM


  . After guessing six 

variables 
0

( )dx


 , 
0

( )ydF


 , xdR , ydR , 1d , and 2 , we can integrate the homogeneous 
equations (28)-(33) like an initial value problem all the way from 0   to l  . The three 
boundary conditions (38)-(40) at l   and the three constraint equations (50)-(51) and (53) at 

1l   are used to check the accuracy of the guesses. If the guesses are not satisfactory, a new 
set of guesses is adopted. The stability of the deformations in Figure 2 is determined in this 
manner. It is noted that sometimes the term 

0
( )dM


  of a mode shape happens to be zero. 

In such a case, the assumption 
0

( ) 1dM


   will yield no solution. When this situation 
occurs, a different variable is set as 1 in the shooting method; for instance, 

0
( )dx


 =1.  

Figure 6 shows the 2 of the first two modes as functions of the end force AF  for 
deformation (2). The 2  of the first mode becomes negative when AF  reaches 2.03268, at 
which the symmetry-breaking bifurcation occurs. It is noted that the 2  of the second mode  

 

Figure 6. 2 of the first two modes as functions of the end force AF  for deformation (2).  
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becomes negative when AF  reaches 3.97314. This happens to be the point at which 
deformation (3) begins to appear.  

The first two mode shapes when AF =1.5 are depicted in Figure 7. The solid and dashed 
curves represent the static and the vibrating mode shapes of the constrained elastica, 
respectively. The first mode (a) is asymmetric and the second mode (b) is symmetric. To 
examine whether sliding at the contact point occurs we examine the values of 0d  and 

1d  of each mode. For the asymmetric mode we found that the ratio 0d / 1d  is 
approximately 1:400. This means that during vibration the protruding and retreating of 
the elastica at the channel opening A is negligible compared to the sliding at the contact 
point. In other words, the elastica length within the domain of interest is almost constant 
during vibration. This can also be observed from Figure 7(a). For the symmetric mode, we 
found that the ratio 0d / 1d  is approximately 2:1. Therefore, sliding at the contact point 
still occurs. From Figure 7(b) we can observe that the lengths of the elastica on both sides 
of the point constraint increase (or decrease during the other half of the period) the same 
amount. Since the elastica is inextensible, the protruding 0d  at the channel opening has 
to be twice the amount of the sliding 1d  at the contact point. It is noted that a vibration 
analysis of a constrained structure will cause an erroneous result if sliding at the 
constraint is neglected.  

 
Figure 7. The first two mode shapes of the constrained elastica when AF =1.5. 

It is noted that the geometric conditions (50)-(51) at the point constraint are exact. Therefore, 
the vibrating elastica always passes through the point constraint no matter how large the 
vibration amplitude is. On the other hand, the boundary conditions at points A and B used 
in the calculation have been linearized from the exact boundary conditions. Therefore, the 
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mode shapes do not necessarily satisfy the exact boundary conditions at points A and B. 
This may become obvious when the amplitude of vibration is increased dramatically.       

Figures 8(a) and 8(b) show the lowest 2 , i.e., 2
1 , as a function of the length increment l  

for deformations (4a) and (5a), respectively. 2
1  of deformation (4a) is always positive. On 

the other hand, 2
1  of deformation (5a) becomes negative when l  reaches 0.0031711. This 

is the point at which the load-deflection locus of deformation (5a) reaches its top in Figure 2. 
The mode shapes of deformations (4a) and (5a) are also depicted in the graphs. Similarly, 
the 2

1  of deformations (4b) and (5b) are plotted in Figures 9(a) and 9(b). Since 2
1  is always  

 
Figure 8. 2

1  as a function of the length increment l  for deformations (a) (4a) and (b) (5a). The 2
1  of 

deformation (5a) becomes negative when l  reaches 0.0031711. 
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Figure 9. 2

1  as a function of the length increment l  for deformations (a) (4b) and (b) (5b). The 2
1  of 

deformations (4b) and (5b) is always negative.  

negative along the loci of deformations (4b) and (5b), we conclude that deformations (4b) 
and (5b) are unstable. From these stability analyses, it is concluded that after the symmetry-
breaking bifurcation of deformation (2), the elastica branches to deformation 4(a) and 
continue to deform along locus (5a). After the l  reaches 0.0031711, the elastica will jump to 
a remote self-contact configuration beyond the range of Figure 2.   

5. Analysis of an imperfect system 

The point constraint H in Figure 1 is at the middle between the two ends A and B. In 
practice, it is very difficult to place the point constraint accurately at the center. Instead, it is 
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almost inevitable that the point constraint may be off the center somewhat. Figure 10 shows 
the configuration when the point constraint H (black dot) is at a distance H  to the left of 
the ideal center (open circle). If the point constraint is on the right, H  is considered to be 
negative.  

 
 

 
 

Figure 10. The point constraint H (black dot) is at a distance H  to the left of the ideal center (open 
circle). If H is on the right, H  is considered to be negative. 

In Figure 11 we describe the change of the load-deflection relation when H  is increased 
from 0 (ideal case) to 0.01 and 0.05. The height h remains to be 0.03. Focus is placed on how 
the offset affects the symmetry-breaking bifurcation when deformation (2) branches into 
asymmetric deformations 4(a) and 4(b) in Figure 2. It is observed that the sharp corner at the 
bifurcation point degenerates into two smooth curves, called deformations 6(a) and 6(b) in 
Figure 11. Both deformations 6(a) and 6(b) are asymmetric. The tops of deformation 6(a) and 
6(b) are to the left and right, respectively, of the point constraint H. Deformation 6(b) is 
always unstable. Deformation 6(a) for H =0.01, on the other hand, is stable before point ( AF
, l )=(1.974, 0.00552). Figure 12 shows the 2

1  along the locus of deformation 6(a) when H
=0.01. It is shown that 2  becomes negative when l =0.00552. For a larger H =0.05, 
deformation 6(b) is stable throughout the range in Figure 11.   

Inspecting Figure 11 reveals something unusual about the degeneration of the symmetry-
breaking bifurcation due to the offset of the point constraint. For the ideal case with H =0, 
part of upper branch (deformations 4(a) and (5a)) is stable until it reaches a maximum. On 
the other hand, the lower branch (deformations 4(b) and (5b)) is always unstable. When H  
increases from 0 to 0.01, part of the lower branch is stable until it reaches a maximum at l
=0.00552. On the other hand, the upper branch is always unstable. It is not clear how the 
load-deflection curves evolve as H  varies. 
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Figure 11. Load-deflection curves for h=0.03 and H =0 (ideal case), 0.01, and 0.05, respectively. The 
solid and dashed curves represent stable and unstable deformations, respectively.  

 

Figure 12. 2 of the first mode as functions of l  for deformation (6) in Figure 11.  
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In order to answer this question, we plot the load-deflection curves when H  varies with 
smaller increment. Figure 13(a) shows the load-deflection curves when H =0, 55 10 , and 

42 10 , respectively. For the case when H =0, part of the upper branch is stable, while the  

 

 
 

Figure 13. Load-deflection curves for (a) H =0, 55 10 , and 42 10 ; (b) H =0, 55 10  , and 
42 10  , respectively. The solid and dashed curves represent stable and unstable deformations, 

respectively. 
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whole lower branch is unstable, as in the inset of Figure 2. When H  increases by a small 
amount, the load-deflection curves degenerates into two branches veering away from each 
other. When H = 55 10 , the stable range on the upper branch shrinks. When H  continues to 

increase to 42 10 , the stable range on the upper branch disappears altogether. For the lower 
branch, there exists a limit point. The locus with positive slope before the limit point is stable.  

Figure 13(b) shows another scenario when H  varies from 0 to 55 10  , and 42 10  . It is 
observed that for a negative H , the sharp corner degenerates into two smooth curves 
crossing each other. The one emerging from the lower part has a stable range which ends at 
the peak of the curve. The other curve emerging from the top is unstable all the way.   

6. Conclusions  

In this chapter we introduce a vibration method which is suitable to analyze the stability 
of a constrained elastica. A planar elastica constrained by a space-fixed point constraint is 
used to demonstrate the method. Generally speaking, static analysis allows one to find all 
the possible equilibrium configurations of a constrained elastica. In order to predict how 
the elastica behaves in reality, the stability of these equilibrium configurations needs to be 
determined. The key of the vibration method is to take into account the sliding between 
the elastica and the unilateral constraint during vibration. In order to accomplish this, 
Eulerian coordinates are defined to specify the positions of the material points on the 
elastica. After transforming the governing equations and the boundary conditions from 
the Lagrangian description to the Eulerian one, the natural frequencies and the vibration 
mode shapes of the constrained elastica can be calculated. The vibration method is 
applied to an elastica constrained by a point constraint in this chapter. The same 
principles can be extended to other similar problems as well, for instance; multiple point 
constraints (Chen et al., 2010) and plane constraints (Ro et al., 2010).  
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1. Introduction 
This chapter presents advanced analysis methods for space steel frames which consider both 
geometric and material nonlinearities. The geometric nonlinearities come from second-order 
P    and P   effects (see Fig. 1.) as well as geometric imperfections, while the material 
nonlinearities are due to gradual yielding associated with residual stresses and flexure. The 
P    effect results from the axial force acting through the relative displacement of the ends of 
the member, so it is referred to as a member chord rotation effect. The P    effect is 
accounted in the second-order analysis by updating the configuration of the structure during 
the analysis process. The P   effect is caused by the axial force acting through the lateral 
displacement of the member relative to its chord, so it is referred to as a member curvature 
effect. The P   effect can be captured by using stability functions. Since the stability 
functions are derived from the closed-form solution of a beam-column subjected to end forces, 
they can accurately capture the P   effect by using only one element per member. Another 
way to capture the P   effect without using stability functions is to divide the member into 
many elements, and consequently, the P   effect is transformed to the P    effect.  

Geometric imperfections result from unavoidable errors during the fabrication or erection. 
There are three methods to model the geometric imperfections: (1) the explicit imperfection 
modeling, (2) the equivalent notional load, and (3) the further reduced tangent modulus. The 
explicit imperfection modeling for braced and unbraced members is illustrated in Fig. 2(a). For 
braced members, out-of-straightness is used instead of out-of-plumbness. This is due to the 
fact that the P    effect due to the out-of-plumbness is vanished by braces. The limitation of 
this method is that it requires the determination of the direction of geometric imperfections 
which is often difficult in a large structural system. In the equivalent notional load method, the 
geometric imperfections are replaced by equivalent notional lateral loads in proportion to the 
gravity loads acting on the story as described in Fig. 2(b). The drawback of this method is that 
the gravity loads must be known in advance to determine the notional loads before analysis. 
Another way to account for the geometric imperfections is to further reduce the tangent 
modulus. The advantage of this method over the explicit imperfection modeling and 



 
Advances in Computational Stability Analysis 66 

equivalent notional load methods is its convenience and simplicity because it eliminates the 
inconvenience of explicit imperfection modeling and equivalent notional load methods. 

 
Figure 1. The P   and P    effects of a beam-column 

 
Figure 2. Geometric imperfection methods 

(a) Explicit imperfection modeling
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Residual stresses are created in the hot-rolled sections due to uneven cooling of the cross-
section. Typical residual stress pattern for a hot-rolled wide flange section is illustrated in 
Fig. 3. When a member is subjected to a compressive force, the fibers which have the highest 
values of compressive residual stress will yield first, and the fibers with the tensile stress 
will yield last. It means that the yielding over the cross-section is a gradual process. Hence, 
the stress-strain curve for a stub column is smooth instead of linear elastic-perfectly 
plastic in the case of coupon as shown in Fig. 4(a). The gradual yielding over the cross-
section is caused not only by residual stress but also by flexure as shown in Fig. 4(b). 
Although the stress-strain relationship of steel is assumed to be linear elastic-perfectly 
plastic, the moment-curvature relationship has a smooth transition from elastic to fully 
plastic. This is because the section starts to yield gradually from extreme fibers which 
have the highest stresses. Material nonlinearities can be taken into account using various 
methods based on the degree of refinement used to represent yielding. The elastic plastic 
hinge method allows a drastic simplification, while the plastic zone method uses the 
greatest refinement.  

 
Figure 3. Typical residual stress pattern for a hot-rolled wide flange section 

In the current design approach, the strength and stability of a structural system and its 
members are treated separately, and hence, the information about the failure modes of a 
structural system is not provided. This disadvantage is overcome by using a second-order 
inelastic analysis called “advanced analysis”. Advanced analysis indicates any methods that 
efficiently and accurately capture the behavior and the strength of a structural system and 
its component members. This chapter will present two advanced analysis methods: (1) the 
refined plastic hinge method and (2) the fiber method. In these methods, the geometric 
nonlinearities are captured using the stability functions, while the material nonlinearities 
are considered using the refined plastic hinge model and fiber model. The benefit of 
employing the stability functions is that it can accurately capture geometrical nonlinear 
effects by using only one element per member, and hence, this leads to a high 
computational efficiency as demonstrated by the works of Thai and Kim (2008; 2009; 
2011b; 2011c; 2011d; 2012). 
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Figure 4. Gradual yielding of steel member 

2. Advanced analysis 

2.1. Stability functions accounting for second-order effects 

Considering a beam-column element subjected to end moments and axial force as shown in 
Fig. 5. Using the free-body diagram of a segment of a beam-column element of length x, the 
external moment acting on the cut section is  

 A B
ext A

M M
M M Py x EIy

L


      (1) 

where  E , I , and L  are the elastic modulus, moment of inertia, and length of an element, 
respectively.  

 
Figure 5. Beam-column with double-curvature bending 

(a) Due to residual stress (b) Due to flexure
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Using 2 /k P EI , Eq. (1) is rewritten as 

 2 A B AM M M
y k P x

EIL EI


     (2) 

The general solution of Eq. (2) is 

 1 2 2 2sin cos A B AM M M
y C kx C kx x

EILk EIk


     (3) 

The constants 1C  and 2C  are determined using the boundary conditions    0 0y y L   

 1 2
cos

sin
A BM kL M

C
EIk kL


   and 2 2

AM
C

EIk
  (4) 

Substituting Eq. (4) into Eq. (3), the deflection y  can be written as 

 2 2
1 cos 1 1sin cos 1 sin

sin sinA B
kL x xy kx kx M kx M
kL L kL LEIk EIk

   
         

   
 (5) 

and rotation y  is given as 

 1 cos 1 1 1 1cos sin cos
sin sinA B

kLy kx kx M kx M
EIk kL kL EIk kL kL

            
   

 (6) 

The end rotation A  and B  can be obtained as 

 
 

 

1 cos 1 1 1 10 (a)
sin sin

1 1 1 1 cos 1 (b)
sin sin

A A B

B A B

kLy M M
EIk kL kL EIk kL kL

kLy L M M
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 (7) 

Eq. (7) can be written in matrix from as 

 1 2

2 1

A A

B B

M S SEI
M S SL




            
        

 (8) 

where 1S  and 2S  are the stability functions defined as 
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 (9) 

1S  and 2S  account for the coupling effect between axial force and bending moments of the 
beam-column member. For members subjected to an axial force that is tensile rather than 
compressive, the stability functions are redefined as 
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 (10) 

Eqs. (9) and (10) are indeterminate when the axial force is zero (i.e. 0kL  ). To overcome 
this problem, the following simplified equations are used to approximate the stability 
functions when the axial force in the member falls within the range of -2.0 ≤   ≤ 2.0 
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 (11) 

where  22 2/ ( ) /eP P P EI L kL     . For most practical applications, it gives 

excellent correlation to the "exact" expressions given by Eqs. (9) and (10). However, for   
other than the range of -2.0 ≤   ≤ 2.0, the conventional stability functions in Eqs. (9) and 
(10) should be used. The incremental member force and deformation relationship of a 
three-dimensional beam-column element under axial force and end moments can be 
written as 
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 (12) 

where P , yAM , yBM , zAM , zBM , and T  are the incremental axial force, end 
moments with respect to y  and z  axes, and torsion, respectively;  , yA , yB , zA , 

zB , and   are the incremental axial displacement, the end rotations, and the angle of 
twist, respectively; 1nS  and 2nS  are stability functions with respect to n  axis  ,n y z  
given in Eqs. (9) and (10); and EA , nEI , and GJ  denote the axial, bending, and torsional 
stiffness, respectively. 
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2.2. Refined plastic hinge model accounting for inelastic effects 

The refined plastic hinge model is an improvement of the elastic plastic hinge one. Two 
modifications are made to account for a smooth degradation of plastic hinge stiffness: (1) the 
tangent modulus concept is used to capture the residual stress effect along the length of the 
member, and (2) the parabolic function is adopted to represent the gradual yielding effect in 
forming plastic hinges. The inelastic behavior of the member is modeled in terms of member 
force instead of the detailed level of stresses and strains as used in the plastic zone method. 
As a result, the refined plastic hinge method retains the simplicity of the elastic plastic hinge 
method, but it is sufficiently accurate for predicting the strength and stability of a structural 
system and its component members. 

2.2.1. Gradual yielding due to residual stresses 

The Column Research Council (CRC) tangent modulus concept is employed to account for 
the gradual yielding along the member length due to residual stresses. The elastic modulus 
E  (instead of moment of inertia I ) is reduced to account for the reduction of the elastic 
portion of the cross-section since the reduction of the elastic modulus is easier to implement 
than a new moment of inertia for every different section. The rate of reduction in stiffness is 
different in the weak and strong direction, but this is not considered since the dramatic 
degradation of weak-axis stiffness is compensated for by the substantial weak-axis plastic 
strength. This simplification makes the present method more practical. The CRC tangent 
modulus tE  can be written as 

 

1.0 for 0.5 (a)

4 1 for 0.5 (b)

0 for (c)

t y

t y y
y y

t y

E E P P

P PE E P P P
P P

E P P

 

 
    
 
 

 

 (13) 

Equation (13) is plotted in Fig. 6. The tangent modulus tE  is reduced from the elastic value 
when 0.5 yP P . 

2.2.2. Gradual yielding due to flexure 

The tangent modulus concept is suitable for the member subjected to axial force, but not 
adequate for cases of both axial force and bending moment. A gradual stiffness degradation 
model for a plastic hinge is required to represent the partial plastification effects associated 
with flexure. The parabolic function is used to represent the smooth transition from elastic 
stiffness at the onset of yielding to the stiffness associated with a full plastic hinge. The 
parabolic function   representing the gradual stiffness degradation is obtained based on a 
calibration with plastic zone solutions of simple portal frames and beam-columns. It should 
be noted that only a simple relationship for   is required to describe the degradation in 
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stiffness associated with flexure. Although more complicated expressions for   can be 
proposed, simple expression for   is needed for keeping the analysis model simple and 
straightforward.  

 
Figure 6. Stiffness reduction due to residual stress 

 
Figure 7. Stiffness degradation function 

The value of parabolic function   is equal to 1.0 when the element is elastic, and zero when 
a plastic hinge is formed. The parabolic function   can be expressed as (see Fig. 7.) 

  
1.0 for 0.5 (a)

(b)4 1 for 0.5 1.0
(c)0 for 1

 
   

 

 

   

 

  (14) 

where   is the force-state parameter which can be expressed by AISC-LRFD or modified 
Orbison yield surfaces as (seeFig. 8.). 

For AISC-LRFD yield surface (AISC, 2005) 
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  (15) 

For modified Orbison yield surface (McGuire et al., 2000) 

 2 2 4 2 2 6 2 4 23.5 3.0 4.5z y z y z yp m m p m p m m m        (16) 

where / yp P P , /z z pzm M M  (strong-axis), /y y pym M M  (weak-axis); Py, Myp, Mzp are 
axial load, and plastic moment capacity of the cross-section about y  and z  axes. 

 
 

 
 

 
Figure 8. Plastification surface 

When the force point moves inside or along the initial yield surface  0.5  , the element 
remains fully elastic (i.e. no stiffness reduction, 1.0  ). If the force point moves beyond the 
initial yield surface and inside the full yield surface  0.5 1.0  , the element stiffness is 
reduced to account for the effect of plastification at the element end. The reduction of 
element stiffness is assumed to vary according to the parabolic function in the Eq. (15b). 
When member forces violate the plastic strength surface  1.0  , the member forces will 
be scaled down to move the force point return the yield surface based on incremental-
iterative scheme. 

When the parabolic function for a gradual yielding is active at both ends of an element, the 
incremental member force and deformation relationship in Eq. (12) is modified as 
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where 
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where A  and B  are the values of parabolic functions at the ends A and B, respectively.  

2.3. Fiber model accounting for inelastic effects 

The concept of fiber model is presented in Fig. 9. In this model, the element is divided into a 
number of monitored sections represented by the integration points. Each section is further 
divided into m  fibers and each fiber is represented by its area iA  and coordinate location 
corresponding to its centroid  ,i iy z . The inelastic effects are captured by tracing the 
uniaxial stress-strain relationship of each fiber on the cross sections located at the selected 
integration points along the member length. 

The incremental force and deformation relationship, Eq. (12), which accounts for the P   
effect can be rewritten in symbolic form as 
 

    eF K d      (19) 

where 
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Figure 9. Fiber hinge model 
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in which the axial stiffness EA , bending stiffness nEI , and torsional stiffness GJ  of the fiber 
element can be obtained as  
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in which h  is the total number of monitored sections along an element; m  is the total 
number of fiber divided on the monitored cross-section; jw  is the weighting factor of the 

thj  section; iE  and iG  are the tangent and shear modulus of thi  fiber, respectively; iy  and 

iz  are the coordinates of thi  fiber in the cross-section. The element stiffness matrix is 
evaluated numerically by the Gauss-Lobatto integration scheme since this method allows 
for two integration points to coincide with the end sections of the elements. Since inelastic 
behavior in beam elements often concentrates at the end of member, the monitoring of the 
end sections of the element is advantageous from the standpoint of accuracy and numerical 
stability. By contrast, the outermost integration points of the classical Gauss integration 
method only approach the end sections with increasing order of integration, but never 
coincide with the end sections and, hence, result in overestimation of the member strength 
(Spacone et al., 1996). 

Section deformations are represented by three strain resultants: the axial strain   along the 
longitudinal axis and two curvatures z  and y  with respect to z  and y  axes, 
respectively. The corresponding force resultants are the axial force N  and two bending 
moments zM  and yM . The section forces and deformations are grouped in the following 
vectors: 

 Section force vector  
T

z yQ M M N     (24) 

 Section deformation vector  
T

z yq        (25) 

The incremental section force vector at each integration points is determined based on the 
incremental element force vector  F  as 

      Q B x F      (26) 
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where  B x    is the force interpolation function matrix given as 

 
 

 
0 0 0 / 1 / 0

( ) 0 / 1 / 0 0 0
1 0 0 0 0 0

x L x L
B x x L x L

 
 

     
 
 

 (27) 

The section deformation vector is determined based on the section force vector as 

    1
secq k Q

      (28) 

where seck    is the section stiffness matrix given as 
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 (29) 

Following the hypothesis that plane sections remain plane and normal to the longitudinal 
axis, the incremental uniaxial fiber strain vector is computed based on the incremental 
section deformation vector as 

    e q       (30) 

where     is the linear geometric matrix given as follows 

 

1 1

2 2

1
1

... ... ...
1m m

y z
y z

y z

 
       
 
  

 (31) 

Once the incremental fiber strain is evaluated, the incremental fiber stress is computed 
based on the stress-strain relationship of material model. The tangent modulus of each fiber 
is updated from the incremental fiber stress and incremental fiber strain as 

 i
i

i
E

e





 (32) 

Eq. (32) leads to updating of the element stiffness matrix eK    in Eq. (22) and section 
stiffness matrix seck    in Eq. (29) during the iteration process. Based on the new tangent 
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modulus of Eq. (32), the location of the section centroid is also updated during the 
incremental load steps to take into account the distribution of section plasticity. The section 
resisting forces are computed by summation of the axial force and biaxial bending moment 
contributions of all fibers as 
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 (33) 

2.4. Shear deformation effect 

To account for transverse shear deformation effect in a beam-column element, the member 
force and deformation relationship of beam-column element in Eq. (12) should be modified. 
The flexibility matrix can be obtained by inversing the flexural stiffness matrix as 
 

 
2 2

2 2

jj ij

ii jj ij ii jj ijMA A

MB Bij ii

ii jj ij ii jj ij

k k

k k k k k k M
Mk k

k k k k k k




 
 

                      
    

 (34) 

where MA  and MB  are the slope of the neutral axis due to bending moment. The 
flexibility matrix corresponding to shear deformation can be written as  
 

 

1 1

1 1
S SSA A

SB B

S S

GA L GA L M
M

GA L GA L




 
                    
  

 (35) 

where SGA  and L  are shear stiffness and length of the element, respectively. The total 
rotations at the two ends A  and B  are obtained by combining Eqs. (34) and (35) as 
 

 MA SAA

MB SBB

 
 

                            
 (36) 

The basic force and deformation relationship including shear deformation is derived by 
inverting the flexibility matrix as  
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The member force and deformation relationship can be extended for three-dimensional 
beam-column element as  
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in which 
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 (39) 

where syA  and szA  are the shear areas with respect to y  and z  axes, respectively. 

2.5. Element stiffness matrix 

The incremental end forces and displacements used in Eq. (38) are shown in Fig. 10(a). The 
sign convention for the positive directions of element end forces and displacements of a 
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frame member is shown in Fig. 10(b). By comparing the two figures, the equilibrium and 
kinematic relationships can be expressed in symbolic form as 

    
   

6 12

6 12

(a)

(b)

T
n

L

f T F

d T d




   
   

 (40) 

where  nf  and  Ld  are the nodal force and nodal displacement vectors of the element 

expressed as 
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 (41) 

and  F  and  d  are the basic member force and displacement vectors given in Eqs. (20) 
and (21), respectively. 

6 12
T


    is a transformation matrix written as 

 
6 12

1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 / 0 1 0 0 0 1 / 0 0 0
0 0 1 / 0 0 0 0 0 1 / 0 1 0
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0 0 0 1 0 0 0 0 0 1 0 0

L L
L L

T
L L
L L



 
  
 

       
  

  

 (42) 

 
Figure 10. Force and displacement notations 



 
Advanced Analysis of Space Steel Frames 81 

Using the transformation matrix, the nodal force and nodal displacement relationship of 
element may be written as 

    n n Lf K d     (43) 

where nK    is the element stiffness matrix expressed as 

 12 12 6 12 6 6 6 12[ ] [ ] [ ] [ ]T
n eK T K T     (44)  

It should be noted that Eq. (43) is used for the beam-column member in which side-sway is 
restricted. If the beam-column member is permitted to sway, additional axial and shear 
forces will be induced in the member. These additional axial and shear forces due to 
member sway to the member end displacements can be related as 

    s s Lf K d     (45) 

where sK    is the element stiffness matrix due to member sway expressed as 

 
12 12

s s
s T
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G G
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                       (46) 
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 (47) 

By combining Eqs. (43) and (47), the general force-displacement relationship of beam-
column element obtained as 
 

    L Lf K d     (48) 

where 
 

      L n sf f f   (49) 

 n sK K K             (50) 
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2.6. Solution algorithm 

The generalized displacement control method proposed by Yang and Shieh (1990) appears 
to be one of the most robust and effective method because of its general numerical stability 
and efficiency. This method is adopted herein to solve the nonlinear equilibrium equations. 
The incremental form of the equilibrium equation can be rewritten for the j th iteration of 
the i th incremental step as  
 

      1 1
ˆi i i i

j j j jK D P R 
       (51) 

where 1
i
jK 

 
   is the tangent stiffness matrix,  ijD  is the displacement increment vector, 

 P̂  is the reference load vector,  1i
jR   is the unbalanced force vector, and i

j  is the load 
increment parameter. According to Batoz and Dhatt (1979), Eq. (51) can be decomposed into 
the following equations: 

    1
ˆ ˆi i

j jK D P
      (52) 

    1 1
i i i
j j jK D R 

      (53) 

      ˆi i i i
j j j jD D D      (54) 

Once the displacement increment vector  ijD  is determined, the total displacement vector 
 ijD  of the structure at the end of j th iteration can be accumulated as 

      1
i i i
j j jD D D    (55) 

The total applied load vector  ijP  at the j th iteration of the i th incremental step relates to 
the reference load vector  P̂  as 

    ˆi i
j jP P   (56) 

where the load factor i
j  can be related to the load increment parameter i

j  by  

 1
i i i
j j j     (57) 

The load increment parameter i
j  is an unknown. It is determined from a constraint 

condition. For the first iterative step  1j  , the load increment parameter i
j  is determined 

based on the generalized stiffness parameter  GSP  as 

 1
1 1
i GSP   (58) 

where 1
1  is an initial value of load increment parameter, and the GSP  is defined as 



 
Advanced Analysis of Space Steel Frames 83 

 
   
   

1 1
1 1

1
1 1

ˆ ˆ

ˆ ˆ

T

Ti i

D D
GSP

D D

 


 
 (59) 

For the iterative step  2j  , the load increment parameter i
j  is calculated as 
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 (60) 

where  1
1

ˆ iD   is the displacement increment generated by the reference load at the first 
iteration of the previous incremental step; and  ˆ i

jD and  ijD  denote the displacement 
increments generated by the reference load and unbalanced force vectors, respectively, at 
the j th iteration of the i th incremental step, as defined in Eqs. (52) and (53). 

3. Numerical examples 

In this section, three numerical examples are presented to verify the accuracy and efficiency 
of two proposed analysis methods: (1) the refined plastic hinge method and (2) the fiber 
method. The predictions of strength and load-displacement relationship are compared with 
those generated by commercial finite element packages and other existing solutions. The 
first example is to show how the stability functions capture the P   effect accurately and 
efficiently. The second one is to show how well the refined plastic hinge model and fiber 
hinge model predict the strength and behavior of frames. The last one is to demonstrate the 
capability of two proposed methods in predicting the strength and behavior of a large-scale 
twenty-story space frame. Five integration points along the length of a member and eighty 
fibers on the cross-section are used in the fiber model. 

3.1. Elastic buckling of columns 

The aim of this example is to show the accuracy and efficiency of the stability functions in 
capturing the elastic buckling loads of columns with different boundary conditions. Fig. 11 
shows cantilever and simply supported columns. The section of columns is W8×31. The 
Young’s modulus and Poisson ratio of the material are 200,000E   MPa and 0.3  , 
respectively. The buckling load of the columns is obtained using the load-deflection 
analysis. The geometric imperfection is modeled by equivalent notional lateral loads as 
shown in Fig. 11.  

Fig. 12 shows the load-displacement curves of the columns predicted by the present element 
and the cubic frame element of SAP2000. Since the present element is based on the stability 
functions which are derived from the closed-form solution of a beam-column subjected to 
end forces, it can accurately predict the buckling load of columns with different boundary 
conditions by using only one element per member. Whereas the cubic frame element of 
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SAP2000, which is based on the cubic interpolation functions, overpredicts the buckling loads 
by 18% and 16% for the cantilever column and simply supported column, respectively, when 
the columns are modeled by one element per member. The load-displacement curves shown 
in Fig. 12 indicate that SAP2000 requires more than five cubic elements per member in 
modeling to match the results predicted by the present element. This is due to the fact that 
when the member is divided into many elements, the P   effect is transformed to the P    
effect, and hence, the results of cubic element are close to the obtained results. 

 
Figure 11. Steel columns  

3.2. Two story space frame 

A two-story space subjected to combined action of gravity load and lateral load is depicted 
in Fig. 13 with its geometric dimension. The Young modulus, Poisson ratio, and yield stress 
of material are 19,613E   MPa, 0.3  , and 98y   MPa, respectively. This frame was 
previously analyzed by De Souza (2000) using the force-based method with fiber model. De 
Souza (2000) used one element per member in the modeling. The B23 element of ABAQUS is 
also employed to model this frame. Each framed member is modeled by one present 
element. The aim of this example is to demonstrate capability of the present element in 
capturing the effects of both geometric and material nonlinearities. 

The ultimate loads of the frame obtained by different methods are presented in Table 1. The 
load-displacement responses of the frame are also plotted in Fig. 14. It can be seen that the 
results of the present element are well compared with those of De Souza (2000) using the 
force-based method. It should be noted that only one element per member is used in present 
study and De Souza (2000). The B23 element of ABAQUS overestimates ultimate strength of 
this frame if each framed member is modeled by less than fifty B23 elements. The difference 
between B23 element and present element is negligible when more than fifty B32 elements 
are used, and the ultimate strength and load-displacement curve obtained by ABAQUS and 
present study are then close each other. 
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Figure 12. Load-displacement curves of steel columns 

(a) Cantilever column 

(b) Simply supported column
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Figure 13. Two-story space frame 

 
Figure 14. Load- displacement curves of two-story space frame 
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Method Ultimate load (kN) Difference (%) 

De Souza (2000) 128.05 - 

ABAQUS (5 element/member) 140.26 9.53 

ABAQUS (20 element/member) 132.19 3.23 

ABAQUS (50 element/member) 130.74 2.10 

Present (refined plastic hinge model) 128.50 0.35 

Present (fiber model) 128.82 0.60 

Table 1. Comparison of ultimate load of two-story space frame 

3.3. Twenty-story space frame 

The last example is a large scale twenty-story space steel frame as shown in Fig. 15. The aim 
of this example is to demonstrate the capability of two proposed methods in predicting the 
strength and behavior of large-scale structures. A50 steel with yield stress of 344.8 Mpa, 
Young’s modulus of 200 Gpa, and Poisson’s ratio of 0.3 is used for all sections. The load 
applied to the structure consists of gravity loads of 4.8 kN/m2 and wind loads of 0.96 kN/m2 
acting in the Y-direction. These loads are converted into concentrated loads applied at the 
beam-column joints. The obtained results are also compared with those generated by Jiang 
et al. (2002) using the mixed element method. 

Jiang et al. (2002) used both the plastic hinge and spread-of-plasticity elements to model this 
structure to shorten the computational time because the use of a full spread-of-plasticity 
analysis is very computationally intensive. When a member modeling by one plastic hinge 
element detected yielding to occur between the two ends, it was divided into eight spread-
of-plasticity elements to accurately capture the inelastic behavior. In this study, each framed 
member is modeled by only one proposed element. The load-displacement curves of node A 
at the roof of the frame obtained by the present elements and mixed element of Jiang et al. 
(2002) are shown in Fig. 16. The ultimate load factor of the frame is also given in Table 2. A 
very good agreement between the results is seen. 

 
 

Method Ultimate load factor Difference (%) 

Jiang et al. (2002)  1.000 - 

Present (refined plastic hinge model) 1.021 2.10 

Present (fiber model) 1.0002 0.02 

Table 2. TAnalysis result of twenty-story space frame 
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Figure 15. Twenty-story space frame 
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Figure 16. Load-displacement curves of twenty-story space frame 

4. Conclusion 

This chapter has presented two advanced analysis methods for space steel frames. In these 
methods, the geometric nonlinearities are captured using the stability functions, while the 
material nonlinearities are considered using the refined plastic hinge model and fiber 
model. The benefit of using the stability functions is that they require only one element per 
member, and hence, minimize the modeling and solution time. The advantage of refined 
plastic hinge model is its simplicity and efficiency. However, it is limited to steel material. 
Although the fiber model is a little bit time consuming compared to the refined plastic hinge 
model, it can be used for both steel and concrete or concrete-filled steel tubular structures as 
shown in the works of Thai & Kim (2011a).  
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1. Introduction 

In earthquake resistant structural steel design, there are two commonly used structural 
systems. “Moment resisting frames” consist of beams connected to columns with moment 
resisting (i.e., rigid) connections. Rigid connection of a steel beam to a steel column requires 
rigorous connection details. On the other hand, in “braced frames”, the simple (i.e., pinned) 
connections of beams to columns are allowed since most of the earthquake forces are carried 
by steel braces connected to joints or frame elements with pinned connections. The load 
carrying capacity of a braced frame almost entirely based on axial load carrying capacities of 
the braces. If a brace is under tension in one half-cycle of an earthquake excitation, it will be 
subjected to compression in the other half cycle. Provided that the connection details are 
designed properly, the tensile capacity of a brace is usually much higher than its 
compressive capacity. In fact, the fundamental limit state that governs the behavior of such 
steel braces under seismic forces is their global buckling behavior under compression.  

After detailed evaluation, if a steel braced structure is decided to have insufficient lateral 
strength/stiffness, it has to be strengthened/stiffened, which can be done by increasing the 
load carrying capacities of the braces. The key parameter that controls the buckling capacity 
of a brace is its “slenderness” (Salmon et al., 2009). As the slenderness of a brace decreases, 
its buckling capacity increases considerably. In order to decrease the slenderness of a brace, 
either its length has to be decreased, which is usually not possible or practical due to 
architectural reasons, or its flexural stiffness has to be increased. Flexural stiffness of a brace 
can be increased by welding steel plates or by wrapping fiber reinforced polymers around 
the steel section. Analytical studies (e.g., Timoshenko & Gere, 1961) have shown that it 
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usually leads to more economic designs if only the partial length, instead of the entire 
length, of the brace is stiffened. This also eliminates possible complications in connection 
details that have to be considered at the ends of the member. 

Nonuniform structural elements are not only used in seismic strengthening and rehabilitation 
of existing structures. In an attempt to design economic and aesthetic structures, many 
engineers and architects nowadays prefer to use nonuniform structural elements in their 
structural designs. However, stability analysis of such nonuniform members is usually much 
more complex than that of uniform members (e.g., see Li, 2001). In fact, most of the design 
formulae/charts given in design specifications are developed for uniform members. Thus, 
there is a need for a practical tool to analyze buckling behavior of nonuniform members. 

This study investigates elastic buckling behavior of three-segment symmetric stepped 
compression members with pinned ends (Fig. 1) using three different approaches: (i) 
analytical, (ii) numerical and (iii) experimental approaches. As already mentioned, such a 
member can easily be used to strengthen/rehabilitate an existing steel braced frame or can 
directly be used in a new construction. Surely, the use of stepped elements is not only 
limited to the structural engineering applications; they can be used in many other 
engineering applications, such as in mechanical and aeronautical engineering. 

In analytical studies, first the governing equations of the studied stability problem are derived. 
Then, exact solution to the problem is obtained. Since exact solution requires finding the 
smallest root of a rather complex characteristic equation which highly depends on initial 
guess, the governing equation is also solved using a recently developed analytical technique 
by He (1999), which is called Variational Iteration Method (VIM). Many researchers (e.g., 
Abulwafa et al., 2007; Batiha et al., 2007; Coskun & Atay, 2007, 2008; Ganji & Sadighi, 2007; 
Miansari et al., 2008; Ozturk, 2009 and Sweilan & Khader, 2007) have shown that complex 
engineering problems can easily and successfully be solved using VIM. Recently, VIM has also 
been applied to stability analysis of compression and flexural members. Coskun and Atay 
(2009), Atay and Coskun (2009), Okay et al. (2010) and Pinarbasi (2011) have shown that it is 
much easier to solve the resulting characteristic equation derived using VIM. In this paper, by 
comparing the approximate VIM results with the exact results, the effectiveness of using VIM 
in determining buckling loads of multi-segment compression members is investigated. 

The problem is also handled, for some special cases, using widely known structural analysis 
program SAP2000 (CSI, 2008). After determining the buckling load of a uniform member 
with a hollow rectangular cross section, the stiffness of the member is increased along its 
length partially in different length ratios and the effect of such stiffening on buckling load of 
the member is investigated. By comparing numerical results with analytical results, the 
effectiveness of using such an analysis program in stability analysis of multi-segment 
elements is also investigated. 

Finally, buckling loads of uniform and three-segment stepped steel compression members 
with hollow rectangular cross section are determined experimentally. In the experiments, 
the “stiffened” columns are prepared by welding additional steel plates over two sides of 
the member in such a way that the addition of the plates predominantly increases the 
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smaller flexural rigidity of the cross section, which governs the buckling behavior of the 
member. By changing the length of the stiffening plates, i.e., by changing the stiffened 
length ratio, the degree of overall stiffening is investigated in the experimental study. The 
experimental study also shows in what extent the ideal conditions assumed in analytical and 
numerical studies can be realized in a laboratory research. 

 
Figure 1. Three-segment symmetric stepped compression member with pinned ends 

 
Figure 2. “Equivalent” two-segment stepped compression member with one end fixed (clamped), the 
other hinged 
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2. Analytical studies on elastic buckling of a three-segment stepped 
compression member with pinned ends 

2.1. Derivation of governing (buckling) equations 

Consider a three-segment symmetric stepped compression member subjected to a 
compressive load P applied at its top end, as shown in Fig. 1. Assume that both ends of the 
member are pinned; i.e., free to rotate. Also assume that the top and bottom segments of the 
member have identical flexural stiffness, EI1, while that of the middle segment may be 
different, say EI2. As long as the stiffness variation along the height of the member is 
symmetric about the mid-height, the buckled shape of the member is also symmetric about 
the same point as shown in Fig. 1. When such a symmetry exists, the buckling load of the 
three-segment member can be obtained by analyzing the simpler two-segment member 
shown in Fig. 2a. This “equivalent” two-segment member has a fixed (clamped) boundary 
condition at its bottom end whereas its top end is free. From comparison of Fig. 1 and Fig. 
2a, one can also see that the length of the equivalent two-segment member equals to the 
half-length of the original three-segment member, i.e., L=H/2. Similarly, L2=a/2. Since the 
analysis of a two-segment column is much simpler than that of a three-segment column, the 
analytical study presented in this section is based on the equivalent two-segment member. 

The undeformed and deformed shapes of the equivalent two-segment member under uniform 
compression are illustrated in Fig. 2a. The origin of x-y coordinate system is located at the 
bottom end of the column. Since the stiffnesses of two segments of the column can be different 
in general, each segment of the column has to be analyzed separately. Equilibrium equation at 
an arbitrary section in Segment I can be written from the free body diagram shown in Fig. 2b: 
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which can be expressed as 
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In Eq. (1) and Eq. (2), w1 is lateral displacement of Segment I at any point,  is the lateral 
displacement of the top end of the member, i.e.,  = w1 (x = L). Eq. (2) is valid for L2  x  L. 
Similarly, from Fig. 2c, the equilibrium equation at an arbitrary section in Segment II can be 
written as 
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where w2 is the displacement of Segment II in y direction. Eq. (3) is valid for 0 x L2. For 
easier computations, the buckling equations in Eq. (2) and Eq. (3) can be written in 
nondimensional form as follows: 



Analytical, Numerical and Experimental  
Studies on Stability of Three-Segment Compression Members with Pinned Ends 95 

      2 2
1 1 1 1 andw w           2 2

2 2 2 2w w      (4) 

with 

 1 1 andk L   2 2k L   (5) 

where /x x L , 1 1 /w w L , 2 2 /w w L , / L   and prime denotes differentiation with 
respect to x . Since both of the differential equations in Eq. (4) are in second order, the 
solutions will contain four integration constants. Considering that  is also unknown, the 
solution of these buckling equations requires five conditions to determine the resulting five 
unknowns. Two of these conditions come from the continuity conditions where the flexural 
stiffness of the column changes and the remaining three conditions are obtained from the 
boundary conditions at the ends of the column. At x=L2, the lateral displacement and slope 
functions have to be continuous, which requires 

 1 2 and
x s x s

w w
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x s x s

w w
 

          
 (6) 

where 2 /s L L . As far as the boundary conditions are concerned, for a clamped-free 
column, the end conditions can be written in nondimensional form as: 
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     (7) 

Thus, Eq. (4) with Eq. (6) and Eq. (7) constitutes the governing equations for the studied 
stability problem. 

2.2. Exact solution to buckling equations 

Since the differential equations given in Eq. (4) are relatively simple, it is not too difficult to 
obtain their exact solutions, which can be written in the following form: 

    1 1 1 2 1sin cos andw C x C x      and    2 3 2 4 2sin cosw C x C x      (8) 

where Ci (i=1-4) are integration constants to be determined from continuity and end 
conditions. From the first and second conditions given in Eq. (7), one can find that  

 3 0andC   and 4C    (9) 

Then, using Eq. (6), the other integration constants are obtained as: 
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Finally, the last condition given in Eq. (7) results in 

   1
2 1

2
tan tan 1 0s s


  


             

 (11) 

For a nontrivial solution, the coefficient term must be equal to zero, yielding the following 
characteristic equation for the studied buckling problem: 

   1
2 1

2
tan tan 1s s


 


         (12) 

Since 1 2 2 1/ /EI EI   , if the stiffness ratio n is defined as 2 1/n EI EI , Eq. (12) can be 

written in terms of 1 (square root of nondimensional buckling load of the equivalent two-
segment element in terms of EI1), n (stiffness ratio) and s (stiffened length ratio) as follows: 

  1 1tan 1 tan ss n
n

 
       

 (13) 

One can show that the buckling load of the three-segment stepped compression member 
with length H shown in Fig. 1 can be written in terms of that of the equivalent two-segment 
member with length L=H/2 shown in Fig. 2a as 

 1
2 wherecr

EI
P

H
  2

14   (14) 

In other words,  is the nondimensional buckling load of the three-segment compression 
member in terms of EI1. 

2.3. VIM solution to buckling equations 

According to the variational iteration method (VIM), a general nonlinear differential 
equation can be written in the following form: 

      Lw x Nw x g x   (15) 

where L is a linear operator and N is a nonlinear operator, g(x) is the nonhomogeneous term. 
Based on VIM, the “correction functional” can be constructed as 

           1
0

x

n n n nw x w x Lw Nw d          (16) 

where     is a general Lagrange multiplier that can be identified optimally via variational 
theory, nw  is the n-th approximate solution and nw  denotes a restricted variation, i.e., 

0nw   (He, 1999). As summarized in He et al. (2010), for a second order differential 
equation such as the buckling equations given in Eq. (4),     simply equals to 
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    x     (17) 

The original variational iteration algorithm proposed by He (1999) has the following 
iteration formula: 

           1
0

x

n n n nw x w x Lw Nw d         (18) 

In a recent paper, He et al. (2010) proposed two additional variational iteration algorithms 
for solving various types of differential equations. These algorithms can be expressed as 
follows: 

         1 0
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n nw x w x Nw d        (19) 

and 
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n n n nw x w x Nw Nw d          (20) 

Thus, the three VIM iteration algorithms for the buckling equations given in Eq. (4) can be 
written as follows: 
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where i is the segment number and can take the values of one or two. It has already been 
shown in Pinarbasi (2011) that all VIM algorithms yield exactly the same results for a similar 
stability problem. For this reason, considering its simplicity, the second iteration algorithm 
is decided to be used in this study. 

Recalling that 1 2/ n    and 2
14  , the iteration formulas for the buckling equations of 

the studied problem can be written in terms of  and n as follows: 
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As an initial approximation for displacement function of each segment, a linear function 
with unknown coefficients is used: 

 1,0 1 2w C x C   and 2,0 3 4w C x C   (23) 

where Ci (i=1-4) are to be determined from continuity and end conditions. After conducting 
seventeen iterations, 1,17w  and 2,17w  are obtained. Substituting these approximate solutions 

to the continuity equations in Eq. (6) and to the end conditions in Eq. (7), five equations are 
obtained. Four of them are used to determine the unknown coefficients in terms of  , while 
the remaining one is used to construct the characteristic equation for the studied problem: 

   0F       (24) 

where  F   is the coefficient term of  . For a nontrivial solution  F   must be equal to 

zero. The smallest possible real root of the characteristic equation gives the nondimensional 
buckling load ( 2

1/PH EI  ) of the three-segment compression member in the first 
buckling mode. 

2.4. Comparison of VIM results with exact results 

For various values of stiffness ratio (n=EI2/EI1) and stiffened length ratio (s=a/H), 
nondimensional buckling loads of a three-segment compression member with pinned ends 
are determined both by using Eq. (13) and VIM. VIM results are compared with the exact 
results in Table 1.  
 

 
Table 1. Comparison of VIM predictions for nondimensional buckling load () of a three-segment 
compression member with exact results for various values of stiffness ratio (n=EI2/EI1) and stiffened 
length ratio (s=a/H) 

Exact VIM Exact VIM Exact VIM Exact VIM
100 15.344 15.344 27.052 27.052 59.843 59.843 225.706 225.706

10 14.675 14.675 24.006 24.006 44.978 44.978 85.880 85.880

5 13.978 13.978 21.109 21.109 33.471 33.471 46.651 46.651

2.5 12.721 12.721 16.694 16.693 21.275 21.275 24.186 24.186

1.67 11.632 11.632 13.642 13.642 15.406 15.406 16.306 16.306

1.25 10.689 10.689 11.471 11.471 12.039 12.039 12.297 12.297

s
0.2 0.4 0.6 0.8n
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As it can be seen from Table 1, VIM results perfectly match with exact results, verifying the 
efficiency of VIM in this particular stability problem. It is worth noting that it is somewhat 
difficult to solve the characteristic equation given in Eq. (13) since it is highly sensitive to the 
initial guess. While solving this equation, one should be aware of that an improper initial 
guess can result in a buckling load in higher modes. On the other hand, the characteristic 
equations derived using VIM are composed of polynomials, all roots of which can be 
obtained more easily. This is one of the strength of VIM even when an exact solution is 
available for the problem, as in our case.  

2.5. VIM results for various stiffness and stiffened length ratios 

Table 2 tabulates VIM predictions for nondimensional buckling load of a three-segment 
stepped compression member for various values of stiffness (n) and stiffened length (s) 
ratios. The results listed in this table can directly be used by design engineers who 
design/strengthen three-segment symmetric stepped compression members with pinned 
ends. 
 

 
Table 2. VIM predictions for nondimensional buckling load () of a three-segment column for various 
values of stiffness ratio (n=EI2/EI1) and stiffened length ratio (s=a/H) 

At this stage, it can be valuable to investigate the amount of increase in buckling load due to 
partial stiffening of a compression member. Fig. 3 shows variation of increase in critical 
buckling load, with respect to the uniform case, with stiffened length ratio for different 
values of stiffness ratio. From Fig. 3, it can be inferred that there is no need to stiffen entire 

0.1 0.2 0.25 0.3333 0.5 0.75 0.9999

1 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696

1.5 10.5592 11.3029 11.6881 12.3342 13.5322 14.6186 14.8044

2 10.9332 12.1571 12.8290 14.0255 16.5379 19.2404 19.7392

2.5 11.1676 12.7211 13.6051 15.2433 19.0149 23.7328 24.6740

3 11.3282 13.1202 14.1651 16.1557 21.0707 28.0942 29.6088

4 11.5338 13.6465 14.9165 17.4239 24.2442 36.4193 39.4784

5 11.6599 13.9775 15.3962 18.2587 26.5469 44.2105 49.3480

7.5 11.8311 14.4372 16.0711 19.4641 30.1728 61.3848 74.0220

10 11.9181 14.6750 16.4240 20.1076 32.2453 75.4700 98.6960

20 12.0504 15.0419 16.9731 21.1249 35.6828 109.4880 197.3920

50 12.1307 15.2680 17.3139 21.7652 37.9220 138.1940 493.4800

100 12.1577 15.3444 17.4295 21.9836 38.6944 148.2010 986.9600

n
s
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length of the member to gain appreciable amount of increase in buckling load especially if n 
is not too large. For n=2, increase in buckling load when only half length of the member is 
stiffened is more than 80 % of the increase that can be gained when the entire length of the 
member is stiffened. Fig. 3 also shows that if n increases, to get such an enhancement in 
buckling load, s has to be increased. For example, when n=10, the stiffened length of the 
member has to be more than 75% of its entire length if similar enhancement in member 
behavior is required. In fact, this can be seen more easily from Fig. 4 where the increase in 
buckling load is plotted in terms of stiffness ratio for various stiffened length ratios. Fig. 4 
shows that if the stiffened length ratio is small, there is no need to increase the stiffness ratio 
too much. As an example, if only one-fifth of the entire length of the member is to be 
stiffened, increase in buckling load when n=2 is more than 80% of that when n=10. On the 
other hand, if 75 % of the entire length is allowed to be stiffened, increase in buckling load 
when n=2 is approximately 25% of that when n=10.  

 
 
 
 
 

 
 
 
 
 
 
Figure 3. Variation of increase in buckling load with stiffened length ratio (s) for various values of 
stiffness ratio (n) 
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Figure 4. Variation of increase in buckling load with stiffness ratio (n) for various values of stiffened 
length ratio (s) 

3. Numerical studies on elastic buckling of a three-segment stepped 
compression member with pinned ends 

In order to obtain directly comparable results with the experimental results that will be 
discussed in the following section, in the numerical analysis, the reference “unstiffened” 
member is selected to have a hollow rectangular cross section, namely RCF 120x40x4, the 
geometric properties of which is given in Fig. 5a. The length of the steel (with modulus of 
elasticity of E=200 GPa) columns is chosen to be 2 m., which is the largest height of a 
compression member that can be tested in the laboratory due to the height limitations of the 
test setup. Elastic stability (buckling) analysis is performed using a well-known commercial 
structural analysis program SAP2000 (CSI, 2008). 

Fig. 5b shows numerical solutions for the buckled shape and buckling load, Pcr,num,n=1 = 156.55 
kN, of the uniform column. Exact value of the buckling load Pcr for this column can be 
computed from the well-known formula of Euler; 2 2/crP EI L , which gives Pcr,exact,n=1 = 
157.42 kN. The error between the numerical and exact analytical result is only 0.5 %, which 
encourages the use of this technique in determining the buckling load of “stiffened” 
members.  
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Figure 5. Geometric properties and buckling load of the uniform column (n=1) analyzed in numerical 
study 

a. cross sectional properties (in meters)

b. buckling load (in kN) 
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In the experimental study, in addition to the unstiffened members, three different types of 
stiffened columns are tested. In these specimens, the stiffness ratio is kept constant (n2) 
while the stiffened length ratio is varied. The stiffnesses of the three-segment members are 
increased by welding rectangular steel plates, with 100 mm width and 3 mm thickness as 
shown in Fig. 6a, to the wider faces of the hollow cross section. The length of the stiffening 
plates is 0.4 m in members with s=0.2, approximately 0.67 m in members with s=0.3333 and 
1.0 m in members with s=0.5. This stiffening method increases the cross sectional area of the 
section about 1.56 times and major and minor axis flexural rigidities of the cross section, 
respectively, about 1.36 and 1.96 times. In the numerical analysis, the geometrical properties 
of the cross section for the stiffened region of the column have to be increased in these 
ratios. In SAP2000 (CSI, 2008), this step can easily be performed by using “property/stiffness 
modification factors” command (Fig. 6a). It is to be noted that axis-2 is still the minor axis of 
the member, so the buckling is expected to be observed about this axis, as in the uniform 
column case. Fig. 6b shows the buckled shape and buckling load (Pcr,num,n=1.96,s=0.2 = 192.30 kN) 
of the stiffened members when one-fifth of the entire length of the member is stiffened as 
illustrated in Fig. 6a; i.e., when n=1.96 and s=0.2. Similar analyses on members with s=0.3333 
and s=0.5 yield buckling loads of Pcr,num,n=1.96,s=0.3333 = 220.42 kN and Pcr,num,n=1.96,s=0.5 = 258.93 kN, 
respectively. If these values of buckling loads for stiffened elements are normalized with 
respect to the buckling load for the uniform member (Pcr,num,n=1 = 156.55 kN), the amount of 
increase achieved in buckling load in each stiffening scheme is computed approximately as 
1.23 when s=0.2, 1.41 when s=0.3333 and 1.65 when s=0.5. To compare numerical results with 
analytical results, buckling loads for three-segment symmetric stepped columns with n=1.96 
are determined using VIM for various values of s and increase in buckling load with varying 
s is plotted in Fig. 7. It can be seen that the approximate results obtained through numerical 
analysis exactly match with VIM solutions. The effectiveness of the numerical analysis in 
solving this special buckling problem is examined further for different values of n and s. The 
results are presented in Table 4, which indicates very good agreement between the 
analytical and numerical results. 

 
Table 3.  Comparison of numerical results with analytical (exact and approximate (VIM)) results for 
increase in buckling load for a three-segment compression member with pinned ends for various values 
of stiffness ratio (n=EI2/EI1) and stiffened length ratio (s=a/H) 

n Exact VIM SAP2000 Exact VIM SAP2000 Exact VIM SAP2000

1.5 1.18 1.18 1.18 1.37 1.37 1.38 1.48 1.48 1.48
2 1.30 1.30 1.30 1.68 1.68 1.68 1.95 1.95 1.93

2.5 1.38 1.38 1.38 1.93 1.93 1.92 2.40 2.40 2.38
3 1.44 1.44 1.44 2.13 2.13 2.13 2.85 2.85 2.80
5 1.56 1.56 1.56 2.69 2.69 2.67 4.48 4.48 4.35

7.5 1.63 1.63 1.63 3.06 3.06 3.03 6.22 6.22 5.94
10 1.66 1.66 1.67 3.27 3.27 3.24 7.65 7.65 7.20

s=0.25 s=0.5 s=0.75
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Figure 6. Geometric properties and buckling load a three-segment stepped column with stiffened 
length ratio s=0.2 and stiffness ratio n=1.96 

a. area/stiffness modifiers for the stiffened region of the column

b. buckling load (in kN) 
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Figure 7. Increase in critical buckling load for various stiffened length ratios (s) when stiffness ratio is n 
 1.96 (VIM results) 

4. Experimental studies on elastic buckling of a three-segment stepped 
compression member with pinned ends 

The experimental part of the study is conducted in the Structures Laboratory of Civil 
Engineering Department in Kocaeli University. Test specimens are subjected to 
monotonically increasing compressive load until they buckle about their minor axis in a 
test setup specifically designed for such types of buckling tests (Fig. 8). Due to the height 
limitations of the test setup, the length of the test specimens is fixed to 2 m. To observe 
elastic buckling, “unstiffened” (uniform) reference specimens are selected to have a rather 
small cross section; hollow rectangular section with side dimensions of 120 mm x 40 mm 
and wall thickness of 4 mm, as shown in Fig. 5a. In addition to the three unstiffened 
specimens, named B0-1, B0-2 and B0-3, three sets of “stiffened” specimens, each of which 
consists of three columns with identical stiffening, are tested. To obtain comparable 
results, the stiffness ratio of the stiffened specimens is kept constant (n2) while their 
stiffened length ratios (s) are varied in each set. Such stiffening is attained by welding 
rectangular steel plates, with 100 mm width and 3 mm thickness as shown in Fig. 6a, to 
the wider faces of the hollow cross sections of the test specimens, in different lengths. The 
length of the stiffening plates is 0.4 m for the members with stiffened length ratio s=0.2, 
which are named B1-1, B1-2 and B1-3, approximately 0.67 m for the members with 
s=0.3333, named B2-1, B2-2 and B2-3, and 1.0 m for the members with s=0.5, named B3-1, 
B3-2 and B3-3.  
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Figure 8. Test setup 

As shown in Fig. 8, the test specimens are placed between the top and bottom supports in 
the test rig, which is rigidly connected to the strong reaction wall. To ensure minor-axis 
buckling of the test columns, the supports are designed in such a way that the rotation is 
about a single axis, resisting rotation about the orthogonal axis. In other words, the supports 
behave as pinned supports in minor-axis bending whereas fixed supports in major-axis 
bending. The compressive load is applied to the columns through a hydraulic jack placed at 
the top of the upper support. During the tests, in addition to the load readings, which are 
measured by a pressure gage, strains at the outermost fibers in the central cross section of 
each column are recorded via two strain gages (SG1 and SG2) (see Fig. 8). 
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The buckled shapes of the tested columns are presented in Fig. 9 and Fig. 10. As shown in 
Fig. 9a, uniform columns buckle in the shape of a half-sine wave, which is in agreement 
with the well-known Euler’s formulation for ideal pinned-pinned columns. In contrast to 
ideal columns, however, test columns have not buckled suddenly during the tests. This is 
mainly due to the fact that all test specimens have unavoidable initial crookedness. Even 
though the amount of these imperfections remain within the tolerances specified by the 
specifications, they cause bending of the specimens with the initiation of loading. This is 
also apparent from the graphs presented in Fig. 11. These graphs plot strain gage 
measurements taken at the opposite sides of the column faces (SG1 and SG2) during the 
test of each specimen with respect to the applied load values. The divergence of strain 
gage readings (SG1 and SG2) from each other as the load increases clearly indicates onset 
of the bending under axial compression. This is compatible with the expectations since as 
stated by Galambos (1998), “geometric imperfections, in the form of tolerable but 
unavoidable out-of-straightness of the column and/or eccentricity of the axial load, will 
introduce bending from the onset of loading”. Even though the test columns start to bend 
at smaller load levels, they continue to carry additional loads until they reach their 
“buckling” capacities, which are characterized as the peak values of their load-strain 
curves. 

The buckling loads of all test specimens are tabulated in Table 4. When the buckling loads 
of three uniform columns are compared, it is observed that the buckling load for 
Specimen B0-3 (150.18 kN) is larger than those for Specimens B0-1 (129.60 kN) and B0-2 
(128.49 kN). When Fig. 11a is examined closely, it can be observed that strain gage 
measurements start to deviate from each other at larger loads in Specimen B0-3 than B-01 
and B0-2. Thus, it can be concluded that the capacity difference among these specimens 
occurs most probably due to the fact that the initial out-of-straightness of Specimen B0-3 is 
much smaller than that of B-01 and B-02. When the load-strain plots of the stiffened 
specimens (Fig. 11b-d) are examined, similar trends are observed for specimens with 
larger load values in their own sets, e.g., B2-1 and B2-3 in the third set, B3-1 in the forth 
set. These differences can also be attributed partially to the initial out-of-straightness. 
Unlike uniform columns, stiffened columns have additional initial imperfections due to 
the welding process of the stiffeners. It is now well known that welding cause 
unavoidable residual stresses to develop within the cross section of the member, which, in 
turn, can change the behavior of the member significantly. Since the columns with larger 
stiffened length ratios have longer welds, they are expected to have more initial 
imperfection. The effects of initial imperfections can also be seen from the last column of 
Table 4, where the ratios of experimental results to the analytical results which are 
obtained for ideal columns are presented. 

For better comparison, experimental (Pcr,exp) and analytical (Pcr,analy) buckling loads are 
also plotted in Fig. 12. As shown in the figure, all test results lay below the analytical 
curve. 
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Figure 9. Buckled shapes of unstiffened and stiffened (with s=0.2) test specimens  

a. Unstiffened columns

b. Stiffened columns with s=0.2



Analytical, Numerical and Experimental  
Studies on Stability of Three-Segment Compression Members with Pinned Ends 109 

 
Figure 10. Buckled shapes of stiffened test specimens with s=0.3333 and s=0.5 

a. Stiffened columns with s=0.3333

b. Stiffened columns with s=0.5
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Figure 11. Load versus strain gage measurements for the test specimens 

a. Unstiffened columns 

b. Stiffened columns with s=0.2

c. Stiffened columns with s=0.3333

d. Stiffened columns with s=0.5 

Strain (m/m) Strain (m/m) 

Strain (m/m) Strain (m/m) Strain (m/m) 

Strain (m/m) Strain (m/m) Strain (m/m)

Strain (m/m) Strain (m/m) Strain (m/m) 

Strain (m/m)
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Table 4. Experimental buckling loads for uniform and stiffened columns compared with the analytical 
predictions 

 

 
Figure 12. Experimental results compared with analytical and modified analytical buckling loads 

It is important to note that most design specifications modify the buckling load equations 
derived for ideal columns to take into account the effects of initial out-of-straightness of the 
columns in the design of compression members. As an example, to reflect an initial out-of-
straightness of about 1/1500, AISC (2010) modifies the “Euler” load by multiplying with a 
factor of 0.877 in the calculation of compressive capacity of elastically buckling members 

Specimen s Pcr,exp (kN) Pcr,analy (kN) Pcr,exp / Pcr,analy

B0-1 129.60 0.823
B0-2 128.49 0.816
B0-3 150.18 0.954
B1-1 166.31 0.862
B1-2 177.44 0.919
B1-3 176.32 0.914
B2-1 190.23 0.858
B2-2 153.52 0.692
B2-3 188.56 0.850
B3-1 241.96 0.930
B3-2 194.12 0.746
B3-3 172.43 0.663

157.420

192.98

0.5 260.10

0.3333 221.78

0.2
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(Salmon et al., 2009). By applying a similar modification to the analytical results obtained in 
this study for ideal three-segment compression members, a more realistic analytical curve is 
drawn. This curve is plotted in Fig. 12 with a label ‘0.877 Pcr,analy’. From Fig. 12, it is seen that the 
“modified” analytical curve almost “averages” most of the test results. The larger discrepancies 
observed in stiffened specimens with s=0.3333 and s=0.5 are believed to be resulted from the 
residual stresses locked in the specimens during welding of the steel stiffening plates, which 
highly depends on quality of workmanship. For this reason, while calculating the buckling 
load of a multi-segment compression member formed by welding, not only the initial out-of-
straightness of the member, but also the effects of welding have to be taken into account. 
Considering that stiffened columns will always have more initial imperfections than uniform 
columns, it is suggested that a smaller modification factor be used in the design of multi-
segment columns. Based on the limited test data obtained in the experimental phase of this 
study, the following modification factor is proposed to be used in the design of three-segment 
symmetric steel compression members formed by welding steel stiffening plates:  

  0.877 0.2MF s   (25) 

where s is the stiffened length ratio of the compression member, which equals to the weld 
length in the stiffened members. Thus, the proposed buckling load (Pcr,proposed) for such a 
member can be computed by modifying the analytical buckling load (Pcr,analy) as in the 
following expression:  

 , ,cr proposed cr analyP MF P   (26) 

The proposed buckling loads for the multi-segment columns tested in the experimental part 
of this study are computed using Eq. (26) with Eq. (25) and plotted in Fig. 12 with a label 
‘Pcr,proposed’. For easier comparison, a linear trend line fitted to the experimental data is also 
plotted in the same figure. Fig. 12 shows perfect match of design values of buckling loads 
with the trend line. While using Eq. (25), it should be kept in mind that the modification 
factor proposed in this paper is derived based on the limited test data obtained in the 
experimental part of this study and needs being verified by further studies. 

5. Conclusion  

In an attempt to design economic and aesthetic structures, many engineers nowadays prefer 
to use nonuniform members in their designs. Strengthening a steel braced structure which 
have insufficient lateral resistant by stiffening the braces through welding additional steel 
plates or wrapping fiber reinforced polymers in partial length is, for example, a special 
application of use of multi-segment nonuniform members in earthquake resistant structural 
engineering. The stability analysis of multi-segment (stepped) members is usually very 
complicated, however, due to the complex differential equations to be solved. In fact, most 
of the design formulae/charts given in design specifications are developed for uniform 
members. For this reason, there is a need for a practical tool to analyze buckling behavior of 
nonuniform members.  
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In this study, elastic buckling behavior of three-segment symmetric stepped compression 
members with pinned ends is analyzed using three different approaches: (i) analytical, (ii) 
numerical and (iii) experimental approaches. In the analytical study, first the governing 
equations of the studied stability problem are derived. Then, exact solution is obtained. 
Since exact solution requires finding the smallest root of a rather complex characteristic 
equation which highly depends on initial guess, the governing equations are also solved 
using a recently developed analytical technique, called Variational Iteration Method (VIM), 
and it is shown that it is much easier to solve the characteristic equation derived using VIM. 
The problem is also handled, for some special cases, by using widely known structural 
analysis program SAP2000 (CSI, 2008). Agreement of numerical results with analytical 
results indicates that such an analysis program can also be effectively used in stability 
analysis of stepped columns. Finally, aiming at the verification of the analytical results, the 
buckling loads of steel columns with hollow rectangular cross section stiffened, in partial 
length, by welding steel plates are investigated experimentally. Experimental results point 
out that the buckling loads obtained for ideal columns using analytical formulations have to 
be modified to reflect the initial imperfections. If welding is used while forming the stiffened 
members, as done in this study, not only the initial out-of-straightness, but also the effects of 
welding have to be considered in this modification. Based on the limited test data, a 
modification factor which is a linear function of the stiffened length ratio is proposed for 
three-segment symmetric steel compression members formed by welding steel plates in the 
stiffened regions.  
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1. Introduction 

In most of the real world engineering applications, stability analysis of compressed 
members is very crucial. There have been many researches dedicated to the buckling 
behavior of axially compressed members. On the other hand, obtaining analytical solutions 
for the buckling behavior of columns with variable cross-section subjected to complicated 
load configurations are almost impossible in most of the cases. Some of the works related to 
obtaining analytical or analytical approximate solutions for the column buckling problem 
are provided below.  

The problems of buckling of columns under variable distributed axial loads were solved 
in detail by Vaziri and Xie [1] and others. Some analytical closed-form solutions are given 
by Dinnik [2], Karman and Biot [3], Morley[4], Timoshenko and Gere [5] and others. One 
of the detailed references related to the structural stability topic is written by Simitses and 
Hodges [6] with detailed discussions. Iyengar [7] made some analysis on buckling of 
uniform with several elastic supports. Wang et al. [8] have given exact mathematical 
solutions for buckling of structural members for various cases of columns, beams, arches, 
rings, plates and shells. Ermopoulos [9] found the solution for buckling of tapered bars 
axially compressed by concentrated loads applied at various locations along their axes. Li 
[10] gave the exact solution for buckling of non-uniform columns under axially 
concentrated and distributed loading. Lee and Kuo [11] established an analytical 
procedure to investigate the elastic stability of a column with elastic supports at the ends 
under uniformly distributed follower forces. Furthermore, Gere and Carter [12] 
investigated and established the exact analytical solutions for buckling of several special 
types of tapered columns with simple boundary conditions. Solution of the problem of 
buckling of elastic columns with step varying thickness is established by Arbabei and Li 
[13]. Stability problems of a uniform bar with several elastic supports using the moment-
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distribution method were analyzed by Kerekes [14]. The research of Siginer [15] was 
about the stability of a column whose flexural stiffness has a continuous linear variation 
along the column. Moreover, the analytical solutions of a multi-step bar with varying 
cross section were obtained by Li et al. [16-18]. The energy method was used by Sampaio 
et al. [19] to find the solution for the problem of buckling behavior of inclined beam-
column. Some of the important researchers who studied the mechanical behavior of beam-
columns are Keller [20], Tadjbakhsh and Keller [21] and Taylor [22]. Later on, analytical 
approximate techniques were used for the stability analysis of elastic columns. Coşkun 
and Atay [23] and Atay and Coşkun [24] studied column buckling problems for the 
columns with variable flexural stiffness and for the columns with continuous elastic 
restraints by using the variational iteration method which produces analytical 
approximations. Coşkun [25, 26] used the homotopy perturbation method for buckling of 
Euler columns on elastic foundations and tilt-buckling of variable stiffness columns. 
Pınarbaşı [27] also analyzed the stability of nonuniform rectangular beams using 
homotopy perturbation method. These techniques were also used successfully in the 
vibration analysis of Euler-Bernoulli beams and in the vibration of beams on elastic 
foundations. [28-29]   

Recently, by the emergence of new and innovative semi analytical approximation methods, 
research on this subject has gained momentum. Analytical approximate solution techniques 
are used widely to solve nonlinear ordinary or partial differential equations, 
integrodifferential equations, delay equations, etc. The main advantage of employing such 
techniques is that the problems are considered in a more realistic manner, and the solution 
obtained is a continuous function which is not the case for the solutions obtained by 
discretized solution techniques.  

The methods that will be used throughout this study are, Adomian Decomposition Method 
(ADM), Variational Iteration Method (VIM) and Homotopy Perturbation Method (HPM). 
Each technique will be explained first, and then all will be applied to a selected case study 
related to the topic of the article. 

2. Problem formulation 

Derivation of governing equations related to stability analysis is given in detail in 
Timoshenko and Gere [5], Simitses and Hodges [6], and Wang et al. [8]. The reader can also 
refer to any textbook related to the subject. In this section, only the governing equation will 
be given for the related cases. 

Consider the elastic columns given in Fig.1. The governing equation for the buckling of such 
columns is 

 
2 2 2

2 2 2( ) 0d y d y d yEI x P
dx dx dx

 
  

  
 (1) 
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Figure 1. Elastic columns with various end conditions 

In the case of constant flexural rigidity (i.e. EI is constant), Eq.(1) becomes 

 
4 2

4 2 0d y d yP
EIdx dx

   (2) 

where EI is the flexural rigidity of the column, and P is the applied load. Both Eqs. (2) and 
(3) are solved due to end conditions of the column. Some of these conditions are shown in 
Fig.1. In this figure, letters are used for a simplification to describe the support conditions of 
the column. The first letter stands for the support at the bottom and the second letter for the 
top. Hence, CF is Clamped-Fixed, PP is Pinned-Pinned, C-P is Clamped-Pinned and C-S is 
Clamped-Sliding Restraint. 

The governing equations (1) and (2) are both solved with respect to the problem’s end 
conditions. The end conditions for the columns shown in Fig.1 are given below: 

Pin support:  

 0y  and
2

2 0d y
dx

  (3) 

Clamped support: 

 0y  and 0dy
dx

  (4) 

Free end: 

 and
3

3 0d y dyP
EI dxdx

   (5) 



 
Advances in Computational Stability Analysis 118 

Sliding restraint: 

 0dy
dx

 and  (6) 

The governing equation given in Eq.(2) is a fourth order differential equation with constant 
coefficients which makes it possible to obtain analytical solutions easily. However, Eq.(1) 
includes variable coefficients due to variable flexural rigidity. For this type of differential 
equations, analytical solutions are limited for the special cases of EI(x) only. It is not possible 
to obtain a solution for any form of the function EI(x).   

In some problems, obtaining analytical solutions is very difficult even for a constant 
coefficient governing equation. Consider the buckling of a column on an elastic foundation 
shown in Fig.2. 

 
Figure 2. Column with continuous elastic restraints. 

The governing equation for the column in Fig.2 is 

 
2 2 2

2 2 2( ) 0d y d y d yEI x P ky
dx dx dx

 
   

  
 (7) 

which, for the constant EI becomes 

 
4 2

4 2 0d y d yP k y
EI EIdx dx

    (8) 

In Eqs.(7) and (8), k is the stiffness parameter for the elastic restraint. The solution of Eq.(8) 
for the CF column is given in [8] as 
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2 2 2 2 2 2 4 4

2 2

( ) 2 cos cos ( ) ( )

2 ( ) sin sin 0

S T S T T S S T S T

ST S T T S

 



        
    

 (9) 

Although Eq.(8) is a linear equation with constant coefficients, obtaining a solution from 
Eq.(9) is not that easy. It is very interesting that, even with a software, one can not easily 
produce the buckling loads in a sequential order from Eq.(9). In view of this experience, 
an analytical solution for Eq.(7) is almost impossible to obtain except very limited EI(x) 
choices.  

Hence, analytical approximate techniques are efficient alternatives for solving these 
problems. By the use of these techniques, a solution which is continuous in the problem 
domain is possible for any variation in flexural rigidity. These techniques produce the 
buckling loads in a sequential order, and it is also very easy to obtain the buckling mode 
shapes from the solution provided by the method used. These are great advantages in the 
solution of such problems. 

3. The methods used in the elastic stability analysis of Euler columns 

3.1. Adomian Decomposition Method (ADM) 

In the ADM a differential equation of the following form is considered 

 ( )Lu Ru Nu g x    (10) 

where, L is the linear operator which is highest order derivative, R is the remainder of linear 
operator including derivatives of less order than L, Nu represents the nonlinear terms, and g 
is the source term. Eq.(10) can be rearranged as 

 ( )Lu g x Ru Nu    (11) 

Applying the inverse operator L-1 to both sides of Eq.(11) and employing given conditions; 
we obtain 

      1 1 1( )u L g x L Ru L Nu      (12) 

After integrating source term and combining it with the terms arising from given conditions 
of the problem, a function f(x) is defined in the equation as 

    1 1( )u f x L Ru L Nu     (13) 

The nonlinear operator ( )Nu F u is represented by an infinite series of specially generated 
(Adomian) polynomials for the specific nonlinearity. Assuming Nu is analytical, we write 

 
0

( ) k
k

F u A




   (14) 



 
Advances in Computational Stability Analysis 120 

The polynomials Ak’s are generated for all kinds of nonlinearity, so that they depend only on 
uo to uk components and can be produced by the following algorithm. 

 0 0( )A F u  (15) 

 1 1 0( )A u F u  (16) 

 2
2 2 0 1 0

1( ) ( )
2!

A u F u u F u    (17) 

 3
3 3 0 1 2 0 1 0

1( ) ( ) ( )
3!

A u F u u u F u u F u      (18) 

  

The reader can refer to [30, 31] for the algorithms used in formulating Adomian 
polynomials. The solution u(x) is defined by the following series   

 
0

k
k

u u




   (19) 

where, the components of the series are determined recursively as follows: 

 0 ( )u f x  (20) 

    1 1
1 ,      0k k ku L Ru L A k 

      (21) 

3.2. Variational Iteration Method (VIM) 

According to VIM, the following differential equation may be considered: 

 ( )Lu Nu g x   (22) 

where L is a linear operator, N is a nonlinear operator, and g(x) is an inhomogeneous source 
term. Based on VIM, a correct functional can be constructed as follows: 

  1
0

( ) ( ) ( ) ( )  
x

n n n nu u Lu Nu g d            (23) 

where  is a general Lagrangian multiplier which can be identified optimally via the 
variational theory. The subscript n denotes the nth-order approximation, u is considered as a 
restricted variation i.e. 0u  . By solving the differential equation for  obtained from 
Eq.(23) in view of  0u  with respect to its boundary conditions, Lagrangian multiplier  
can be obtained. For further details of the method the reader can refer to [32]. 
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3.3. Homotopy Perturbation Method (HPM) 

HPM provides an analytical approximate solution for problems at hand as the other 
previously explained techniques. Brief theoretical steps for the equation of following type 
can be given as 

 ( ) ( ) ( )  ,  L u N u f r r    (24) 

with boundary conditions ( , ) 0B u u n   . In Eq.(24) L is a linear operator, N is a nonlinear 
operator, B is a boundary operator, and f(r) is a known analytic function. HPM defines 
homotopy as  

 ( , ) [0,1]v r p R    (25) 

which satisfies the following inequalities: 

 
0( , ) (1 )[ ( ) ( )] [ ( ) ( ) ( )] 0H v p p L v L u p L v N v f r        (26) 

or  

 
0 0( , ) ( ) ( ) ( ) [ ( ) ( )] 0H v p L v L u pL u p N v f r       (27) 

where r  and [0,1]p  is an imbedding parameter, u0 is an initial approximation which 
satisfies the boundary conditions. Obviously, from Eq.(26) and Eq.(27) , we have : 

 
0( ,0) ( ) ( ) 0H v L v L u    (28) 

 ( ,1) ( ) ( ) ( ) 0H v L v N v f r     (29) 

As p is changing from zero to unity, so is that of  ( , )v r p  from 0u  to ( )u r . In topology, this 
deformation 0( ) ( )L v L u  and ( ) ( ) ( )L v N v f r   are called homotopic. The basic assumption 
is that the solutions of Eq.(34) and Eq.(35)  can be expressed as a power series in p such that: 

 2 3
0 1 2 3 ...v v pv p v p v      (30) 

The approximate solution of ( ) ( ) ( )  ,  L u N u f r r    can be obtained as :  

 
0 1 2 31

lim ...
p

u v v v v v


       (31) 

The convergence of the series in Eq.(31) has been proved in [33]. The method is described in 
detail in references [33-36]. 

4. Case studies 

4.1. Buckling of a clamped-pinned column 

The governing equation for this case was previously given in Eq.(1). ADM, VIM and HPM 
will be applied to this equation in order to compute the buckling loads for the clamped-
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pinned column with constant flexural stiffness, i.e. constant EI, and variable flexural stiffness, 
i.e. variable EI with its corresponding mode shapes. To achieve this aim, a circular rod is 
defined with an exponentially varying radius. The case is given in Fig.3, and rod and its 
associated boundary conditions are also provided in Eqs.(3-4). As a case study, first the 
formulations for constant stiffness column by using ADM, VIM and HPM are given, and then 
applied to the governing equation of the problem. Afterwards, a variable flexural rigidity will 
be defined for the same column, and the same techniques will be used for the analysis. 

 
Figure 3. CP column with constant and variable flexural rigidity 

4.2. Formulation of the algorithms for uniform column 

4.2.1. ADM 

The linear operator and its inverse operator for Eq.(2) is 

 
4

4( ) ( )dL
dx

    (32) 

 1

0 0 0 0

( ) ( )    
x x x x

L dx dx dx dx        (33) 

To keep the formulation a general one for all configurations to be considered, the boundary 
conditions are chosen as (0)Y A , (0)Y B  , (0)Y C   and (0)Y D  . Suitable values 
should be replaced in the formulation with these constants. In this case, 0A   and 0B   
should be inserted for the CP column. Hence, the equation to be solved and the recursive 
algorithm can be given as 

P 

x 

P

x
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 LY Y   (34) 

 
2 3

1( )
2! 3!
x xY A Bx C D L Y       (35) 

 1
1 ( ),      0n nY L Y n

    (36) 

Finally, the solution is defined by 

 0 1 2 3 ...Y Y Y Y Y      (37) 

4.2.2. VIM 

Based on the formulation given previously, Lagrange multiplier,  would be obtained for 
the governing equation, i.e. Eq.(2), as 

 
 3

( )
3!

x
 


  (38) 

An iterative algorithm can be constructed inserting Lagrange multiplier and governing 
equation into the formulation given in Eq.(31) as 

  1
0

( ) ( ) ( )  
x

iv
n n n nY Y Y Y d           (39) 

where  is normalized buckling load for the column considered. Initial approximation for 
the algorithm is chosen as the solution of 0LY  which is a cubic polynomial with four 
unknowns to be determined by the end conditions of the column.  

4.2.3. HPM 

Based on the formulation, Eq.(2) can be divided into two parts as  

 ivLY Y  (40) 

 NY Y   (41) 

The solution can be expressed as a power series in p such that 

 
2 3

0 1 2 3 ...Y Y pY p Y p Y    
 (42) 

Inserting Eq.(50) into Eq.(35) provides a solution algorithm as 

 0 0 0iv ivY y   (43) 
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 4
1 0 0 0iv ivY y Y     (44) 

 1 0,      2iv
n nY Y n     (45) 

Hence, an approximate solution would be obtained as 

 0 1 2 3 ...Y Y Y Y Y      (46) 

Initial guess is very important for the convergence of solution in HPM. A cubic polynomial 
with four unknown coefficients can be chosen as an initial guess which was shown 
previously to be an effective one in problems related to Euler beams and columns [23-29]. 

4.3. Computation of buckling loads 

By the use of described techniques, an iterative procedure is constructed and a polynomial 
including the unknown coefficients resulting from the initial guess is produced as the solution 
to the governing equation. Besides two unknowns from the initial guess, an additional 
unknown  also exists in the solution. Applying far end boundary conditions to the solution 
produces a linear algebraic system of equations which can be defined in a matrix form as 

    ( ) 0M       (47) 

where   , TA B  . For a nontrivial solution, determinant of coefficient matrix must be zero. 
Determinant of matrix  ( )M      yields a characteristic equation in terms of . Positive real 
roots of this equation are the normalized buckling loads for the Clamped-Pinned column.  

4.4. Determination of buckling mode shapes 

Buckling mode shapes for the column can also be obtained from the polynomial 
approximations by the methods considered in this study. Introducing, the buckling loads into 
the solution, normalized polynomial eigen functions for the mode shapes are obtained from 
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 (48) 

The same approach can also be employed to predict mode shapes for the cases including 
variable flexural stiffness.  

4.5. Analysis of a uniform column 

After applying the procedures explained in the text, the following results are obtained for 
the buckling loads. Comparison with the exact solutions is also provided in order that one 
can observe an excellent agreement between the exact results and the computed results. 
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Twenty iterations are conducted for each method, and the computed values are compared 
with the corresponding exact values for the first four modes of buckling in the following table.  
 

Mode Exact ADM VIM HPM 
1 20.19072856 20.19072856 20.19072856 20.19072856 
2 59.67951594 59.67951594 59.67951594 59.67951594 
3 118.89986916 118.89986857 118.89986857 118.89986868 
4 197.85781119 197.88525697 197.88522951 197.88520511 

Table 1. Comparison of normalized buckling loads ( 2 /PL EI ) for the CP column 

From the table it can be seen that the computed values are highly accurate which show that 
the techniques used in the analysis are very effective. Only a few iterations are enough to 
obtain the critical buckling load which is Mode 1. Additional modes require additional 
iterations. The table also shows that additional two or three iterations will produce an 
excellent agreement for Mode 4. Even with twenty iterations, the error is less than 0.014% 
for all the methods used in the analyses. 

The buckling mode shapes of uniform column for the first four modes are depicted in Fig.4. 
To prevent a possible confusion to the reader, the exact mode shapes and the computed ones 
are not shown separately in the figure since the obtained mode shapes coincide with the 
exact ones. 

 
Figure 4. Buckling modes of CP column. 
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4.6. Buckling of a rod with variable cross-section 

A circular rod having a radius changing exponentially is considered in this case. Such a rod 
is shown below in Fig.5. The function representing the radius would be as 

 0( ) e axR x R   (49) 

where Ro is the radius at the bottom end, L is the length of the rod and 1aL  .  

 
Figure 5. Circular rod with a variable cross-section 

Employing Eq.(49), cross-sectional area and moment of inertia for a section at an arbitrary 
point x becomes: 

 2
0( ) e axA x A   (50) 

 4
0( ) e axI x I   (51) 

where 

 2
0 0A R  (52) 

 
4
0

0 4
R

I


  (53) 

Governing equation for the rod was previously given in Eq.(1) as 

2 2 2

2 2 2( ) 0d y d y d yEI x P
dx dx dx

 
  

  
 

4.6.1. Formulation of the algorithms 

4.6.1.1. ADM 

Application of ADM leads to the following 

  28 16 ( ) 0ivY aY a x Y       (54) 

x 

Ro 

L
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where 

 4( ) e axx   (55) 

and, where is normalized buckling load 2
0/PL EI . Once   is provided by ADM, buckling 

mode shapes for the rod can also be easily produced from the solution. 

ADM gives the following formulation with the previously defined fourth order linear 
operator. 

   
2 3

1 28 16 ( )
2! 3!
x xY A B L aY a x Y         (56) 

4.6.1.2. VIM 

Lagrange multiplier is the same as used in the uniform column case due to the fourth order 
derivative in Eq.(38). Hence, an algorithm by using VIM can be constructed as 

   2
1

0

( ) 8 16 ( )  
x

iv
n n n n nY Y Y aY a x Y d    

         (57) 

4.6.1.3. HPM 

Application of HPM produces the following set of recursive equations as the solution 
algorithm. 

 0 0 0iv ivY y   (58) 

  2
1 0 0 08 16 ( ) 0iv ivY y aY a x Y        (59) 

  2
1 18 16 ( ) 0,      2n n nY aY a x Y n  
       (60) 

4.6.2. Results of the analyses 

The proposed formulations are applied for two different variations, i.e. 0.1aL   and 0.2aL  . 
Twenty iterations are conducted for each method, and the computed normalized buckling 
load 2

0/PL EI values are given for the first four modes of buckling in Tables 2 and 3.  
 

Mode ADM VIM HPM 
1 16.47361380 16.47361380 16.47361380 
2 48.69674135 48.69674135 48.69674135 
3 97.02096924 97.02096916 97.02096921 
4 161.45155447 161.45151518 161.45150000 

Table 2. Comparison of normalized buckling loads ( 2
0/PL EI ) for 0.1aL   
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Mode ADM VIM HPM 
1 13.35006457 13.35006457 13.35006457 
2 39.47004813 39.47004813 39.47004813 
3 78.64155457 78.64155458 78.64155466 
4 130.86858532 130.86856343 130.86853842 

Table 3. Comparison of normalized buckling loads ( 2
0/PL EI ) for 0.2aL   

The buckling mode shapes of the rod for the first four modes are depicted in between Figs.5-
9. To demonstrate the effect of variable cross-section in the results, a comparison is made 
with normalized mode shapes for a uniform rod which are given in Fig.4. Constant flexural 
rigidity is defined as 0.1aL   in these figures. 

 
 
 
 
 

 
 
 
 
 
 
Figure 6. Comparison of buckling modes for CP rod (Mode 1) 
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Figure 7. Comparison of buckling modes for CP rod (Mode 2) 

 

 
Figure 8. Comparison of buckling modes for CP rod (Mode 3) 
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Figure 9. Comparison of buckling modes for CP rod (Mode 4) 

5. Conclusion 

In this article, some analytical approximation techniques were employed in the elastic 
stability analysis of Euler columns. In a variety of such methods, ADM, VIM and HPM are 
widely used, and hence chosen for use in the computations. Firstly, a brief theoretical 
knowledge was given in the text, and then all of the methods were applied to the selected 
cases. Since the exact values for the buckling of a uniform rod were available, the analyses 
were initially conducted for that case. Results showed an excellent agreement with the exact 
ones that all three methods were highly effective in the computation of buckling loads and 
corresponding mode shapes. Finally, ADM, VIM and HPM were applied to the buckling of 
a rod having variable cross section. To this aim, a rod with exponentially varying radius was 
chosen and buckling loads with their corresponding mode shapes were obtained easily.  

This study has shown that ADM, VIM and HPM can be used effectively in the analysis of 
elastic stability problems. It is possible to construct easy-to-use algorithms with these 
methods which are highly accurate and computationally efficient. 
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